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v. 
SYNOPSIS. 
The need for more nearly exact methods of analysis of pressure 
vessel heads is supplied in this report by a numerical technique of 
wide applicability. The analysis is based on the general theory of 
thin elastic shells due to A. E. H. Love. While the method is approx-
imate in the sense that the governing mathematical equations are sat-
isfied only in finite difference form, it has the merit of simplicity 
and of directly providing numerical values of normal forces, moments 
and shears needed in design. The general finite-difference method is 
first developed and then applied to the particular cases of pressure 
vessels having spherical heads, conical heads, torispherical heads, 
toriconical heads, hemispherical heads and flat circular heads. Close 
agreement is gotten between the results obtained by "classical" analy-
sis and those given by the numerical method;. for the spherical-segment 
head chosen as a test problem. 
A NUMERICAL PROCEDURE FOR THE ANALYSIS 
OF PRES SURE VES SEL HEAD S . 
I. INTRODUCTION. 
1. Object and Scope of Investigation 
The design and analysis of pressure vessels have for many years pro-
ceeded along separate lines, On the one hand, a mathematical theory, due 
in the first instance to A. E. H. Love (15)1, has been applied to the 
analysiS of a few simple shapes. Industry, on the other hand, has been 
forced to rely on rule-of-thumb design formulas because the shapes of pres-
sure vessels encountered in practice are not amenable to analysis by the 
exact theory. So long as large factors of safety could be used, this di-
chotomy produced no great difficulties; but today, as the recrrlrementsof 
high pressures and economy of design become more stringent, the need for 
more nearly exact analyses of pressure ves'sel heads is pressing. This need 
is here supplied by a numerical technique of wide applicability. While it 
is approximate in the sense that the governing mathematical equations are 
satisfied only in finite difference form, it has the merit of Simplicity 
and of directly providing numerical values of normal forces 9 moments and 
shears needed in design. 
The analysis is based on the general theory of thin elastic shells 
due to Love. Although Love I s theory has been re-examined by many others 
who have questioned its adequacy in some respects, it represents a ~stem­
atic first approximation for most practical :purposes. Reduction of Lovaas 
theory to two differential equations of second order for shells of revolu-
tion having constant radius of curvature along the meridian has been made 
by E. Meissner(38)& Solutions of the Love-Meissner equations even for 
shells of simple geometrical shapes, with the notable exception of the cy-
lindrical shell and flat circular pressure vessel head, involve the use of 
the hypergeometric series which usually exhibits slow convergence. Several 
simplified methods have been developed as ap~roximations to Love's theory. 
Moc:!t of these analyses follow the "approximate theoryl1 of J. W" Geckeler 
(49) which neglects some of the terms in the governing differential equa-
tions. The idea of seeking solutions of the governing differential e~a-
tiona by the finite difference analo~J is not entirely new j but little 
1. Numbers in parentheses refer to the Annotated Bibliography at the 
end of the report. 
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progress has been made along this line since the pioneer work of 
P. Pasternak (52). 
The ~resent investigation consists in the development of a general 
procedure and its application to different types of pressure vessel heads 
including: 
1. Spherical head 
2.. Conical head 
3. .Torispherical head 
40 Toriconical head 
5· Hemispherical head 
6. Fl at circular head 
The accuracy of the numerical method is examined. by means of a compara-
tive study of a test problem, the spherical-segment head, analyzed by 
three different methods: Love-Meissner's classical analysis, Geckeler's 
approximate solution, and the method of finite differences. 
2. Acknowledgment 
This report is based on the doctoral dissertation in the Department 
of Civil Engineering, University of Illinois, prepared by T. Au, under 
the supervision of L. E. Goodman and the general direction of N. M. 
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Office of Naval Research as Task VI of Contract N6ori-7l, Project DeSig-
nation N.R~035-183, in the Engineering Experiment Station of the Univer-
sity of Illinois. The writers also acknowledge the advantages of associa-
tion \~th the Design Division of the Pressure Vessel Research Committee 
of the Welding Research OO'Wlcl1--land the Copper and Erass Research Asso-
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/ /. 
II. RESUMID OF FUNDAMENTAL E~MIONS EASED ON 
LOVE' S THEORY OF THIN SHELLS. 
3. Nomenclature 
The following nomenclature has been used in the derivation of equa-
tions throughout the report. Insofar as practicable, this nomenclature 
conforms to conventional symbols for applied mechanics, following the 
treatment in "Theory of Plates and Shells" by S. Timoshenko (61). 
P = Uniform internal pressure 
c, h, k = Subscripts denoting cylindrical shell, head proper 
and knuckle, respectively. 
t = Thickness of the shell. 
P = Angle between axis of revolution and a perpendiaular to 
middle surface at any point of a shell of revolution, mea-
sured along the meridian. 
e = Angle between a reference meridian and any other meridian 
passing through a point of a shell of revolution, measured 
along the parallel circle. 
Y = (90 0 - ¢). 
r = Radius of curvature of the meridional curve formed by the 
m 
intersection of the middle surface of a shell with a plane 
passing through the axis of revolution and the point in 
question. 
r = Distance from the uoint in question to the axis of revo-
c -
lution measured along a line normal to the middle surface 
of a shell at the point in Questiono 
r = Radius of the circumferential circle formed by the inter-
o 
section of the middle surface of a shell with a plane nor-
mal to the axis of revolution and passing through the 
point in question. 
R = Radius of cylindrical shell ( - r = r ). 
c 0 
p = Radius of spheric al head (r = r ) 0 
m c 
K = Radius of toroidal knuckle ( = r ). 
m 
A = A constant such that AX is the distance from the axis of 
revolution to the center of the generating circle of a 
toroidal knuckle. 
• 
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S = Slant height of conical head. 
~o = One half of the apex angle for conicai head. 
x - Dist~ce from head-to-shell juncture to any point in ques-
tion along a cylindrical shell. 
y = Distance from the cone apex to any point on the middle 
surface of a conical head, measured in meridional direc-
tiono 
r = Radial distance from the center of a flat circular head 
to any point on the middle surface of the head. 
s. = Distance from head-to-shell juncture to any point on a 
spherical head 9 measured in meridional direction. (A 
quantity arising in connection with the approximate solu-
tion of spherical heads) 0 
v = Displacement in the meridional direction for any point of 
the shell, measured along a tangent to the undeformed 
middle surface at that point, positive in direction of 
increasing ¢. 
w = Displacement in the radial direction for any point of the 
shell~ measured along a normal to the undeformed middle 
surface at that point, positive au tward. 
w = Displacement normal to the axis of revolution for any 
point on the middle surface of the shell, positive out-
ward. 
N = Normal force at any point, per unit length of section, 
m 
acting in meridional direction, positive for tension o 
N = Normal force at any point, per unit length of section, 
c 
acting in circumferential direction, positive for tension. 
M = Moment at any point, per unit length of section, acting in 
m 
meridional direction p positive for tensile stress at outer 
surface. 
M = Moment at any point, per unit length of section, acting in 
c 
circumferential direction, positive for tensile stress at 
outer surface. 
~ = Shear at any point, per unit length of section, acting 
along a plane normal to the meridian, positive inward on 
the section of the element near the pole of the axis of 
revoluti on. 
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a = Oomponent of direct stress in meridional direction, posi-
m 
tive for tensile stre~s. 
0e = Component of direct stress in circumferential direction, 
positive for tensile stress. 
T = Shearing stress acting on a section normal to the meridian, 
positive in the direction of positive Shearing force. 
E -= Unit strain in meridional direction p positive for elonga-m 
tion. 
6
C 
= Unit strain in circumferential direction p positive for 
elongation. 
X = Curvature in the meridian plane passing through. a point 
m 
in question. 
X = Curvature in the pl8ne perpendicular to the meridian pass-
e 
ing through a point in question. 
A = Angl e through which the tangent to a meridi an at any point 
rotates during deformation of a shell [ = r-l (v - dw/dp)J, 
m 
a variable in the Love-Meissner equations. 
U = Product ofm:eridional shear and circumferenti21 radius 
( = rc~)t another variable in the Love-Meissner e~ations. 
Le ••• ) = Meissner's differential operator, defined in Section 5. 
" = A new variable related to A, for the family of curved 
surfaces. 
r = A new variable related to U t for the fsmily of curved 
surfaces. 
w = A function introduced to simplify the Love-Meissner equa-
tions for the family of curved surfaces. 
~ = A unit division of a mesh, denoting either a unit angle 
in the case of spherical or toroidal shells p or a unit 
length in the case of a conie~l shell or flat cirrr~lar 
heM. 
a , b • c p ••• i t j = Numerical constants for the derivation 
n n n n n 
of the difference equations. 
n = A general point of a mesho 
o = A point denoting the crO\ffi of a sphere, the a.pex of a 
cone, or the center of a flat circul~r head. 
p = A point denoting the inner boundary of a torus. 
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q = A point denoting the outer boundary of a sphere, a cone, 
a torus or a flat circular head. 
~o = A constant in the "exact" solution of cylindrical shells. 
e = Base of natural logarithms. (2. 718 ..• ) 
M = Poisson t s ratio. 
E = Young's modulus of elasticity. 
-1 
E g = E (1 - f2). 
I = Moment of inertia per unit length of the section 
( = t 3/12). 
D = Flexural rigidity of the section ( = E;I). 
V, H = Particular values of Nm and ~ respectively, acting on 
the cylindrical shell at the head-to-shell juncture. 
Np q = Particular values of Nm and ~ respectively, acting on 
the head. at the head-to-shell juncture. 
M = Particular value of M at the head-to-shell juncture. 
m 
~7 ! = Particular values of A and w at the head-to-shell 
juncture i respective~. 
u 
N p ~g = Particular values of N
m 
and ~ at the head-to-knuckle 
juncture, respectively. 
i 
M = Particular value of M at the head-to-knuckle juncture. 
m 
9 g 
d, ,8 = Part icular values of A and w at the head-t o-knuckle 
juncture, respectively. 
0(0) ~ o(i) = Total stresses at outer and inner surfaces of 
pressure vessel, respectively. 
40 Fundamen tal Quant it i e s 
The fundamental quantities entering into the derivation of the 
equations of equilibrium and deformation are defined in this section. 
Ao Normal forces, moments and shears. 
The type of shell under consideration is in the form of a surface 
of revolution and is subjected to loads symmetrical with respect to 
the axis of revolution and normal to the surface of the shell. The 
form of a shell is defined geometrically by its middle surface. In 
order to analyze the state of stress in a small element which is cut 
from the shell by two adjacent meridians and two parallel circles, ·a 
system of coordinates t 2 parallel and perpendicular to the edges of the 
2. 'rhe left-handed system of coordinate axes here adopted follows 
the convention of Reference (77). 
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element, X, Y and Z is introduced as shown in Fig. Ie The position of a 
meridian is defined ~ an angle ~measured from a reference meridian; 
and the position of a parallel circle is defined Qy the angle ¢ made by 
the normal to the surface and the axis of revolutiono The meridian plane 
and the plane perpendicular to the meridian are the planes of principal 
curvature. 
The normal stresses acting on the sections of the element can be 
resolved in the directions of the coordinate axes. Shearing stresses 
act on the cross-sections lying in the parallel circles but vanish on 
meridian sections because of the axial symmetry of the shell. The mag-
nitudes of the normal forces per unit length of the section acting in 
meridional and circumferential directions are given Oy Equations [1].3 
N ! +tk - 1"1 = U \.J.. + 
m -tIz m 
z/r )dz 
c 
N = J+ t# a (1 + zlr )dz 
c c m 
-tlz 
[laJ 
[lb] 
The bending moments of the normal stresses per unit length of the sec-
tion acting in meridional and circumferential directions are given by 
Equati ons [2]. 
M = J+~~ cr (1 + z/r )dz 
m --Mz m c 
M = !+~ a (1 + zlr )dz 
c _" c m 
[2b] 
The shearing force per unit length of the section lying in the plane 
normal to the meridian is given by Equation [3Jo 
Since the tnickness of a thin shell is small in comparison with 
the radii of curvature~ the terms zlr and zlr in Equations [lJ to 
m c 
[3J approach zero, and are negligible in the evaluation of the result-
ant normal forces~ bending moments and shearing forces. 
B. Curvatures, strains and stresses. 
The small displacement of an element in a shell of revolution 
can be resolved into two components, the tangential component along 
the meridian and the radial component normal to the middle surface. 
3. See Reference (60), p. 53, for the derivation of Equations 
[1] to [3J. 
SIGN CONVENTION: 
POSITIVE AS INDICATED 
FIG. I EQUILIBRIUM OF A SHELL ELEMENT 
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The tangential component along the parallel circle vanishes because of 
the axial symmetry of the shell. (See Fig. 2). Then, the components of 
strain in the ~eridional and circumferential directions can be expressed 
by Equat ions [4J:.4 
e = r -l(v cot ¢ + w) 
c c 
[4aJ 
[4bJ 
The changes of principal aurvatures of the middle surface can be ex-
pressed by E<luations [5J. 
By using Hooke's law, the elastic relations between direct stress at ~~y 
point and the strains can be obtained as Equations [6J •. 
-1 
C1 = E(l _ p.2) (E: + JJE ) 
m m c 
[6aJ 
[6bJ 
Similarly, the elastic relations between bending stresses at any point 
at a distance z from the middle surface and changes of aurvatures can 
be obtained as E<luations [7J. 
-1 
" = EZ(l - u 2) (X +)-LX) m ,-- m c 
-1 
" = E z (-1 - ~2) ( ~ +)J 'X ) c c m [7bJ 
These relations show that both the direct and bending stresses can 
readily be expressed in terms of components of displacements by sub-
stituting E<luations [4J into [6J and E<luations [5J into [7J respec-
tively. 
4. See Reference (60), p. 56, for the derivation of E<luations 
[4J to [7J. 
-10-
SIGN OONVENTION: 
POSITIVE AS INDICATED 
FIG.2 DEFORMATION OF A SHELL ELEMENT 
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5. Development of Love-Meissner Equations 
The equations of equilibrium for an infinitely small element of a 
thin shell can be obtained through the summation of forces and moments 
in the directions of the coordinate axes. Owing to the symmetry of the 
shell with respect to its axis of revolution, there are only three equa-
tions of static equilibrium. In the derivation of these equations, 
quantities of second order pertaining to the changes of curvature are 
neglected. The system of equations resulting from the summation of 
forces in the direction of the Y- and Z-axes, and the summation of mo-
ments about the X-axis is given in Equations [8J~ 
(d!d¢)(N r sin ¢) - N r cos ¢ + ~rc sin fJ = 0 m c c m [8a] 
(d/d¢)(~rc sin ¢) - N r sin ~ - N r sin fJ c m m c 
--L Pr r sin ¢ = 0 T m c [BbJ 
(d!d¢)(M r sin fJ) - M r cos ¢ - ~r r sin ¢ = 0 m c c m m c [8cJ 
In these three equations of static equilibrium, there appear five un-
knowns, N , N , M , M and Q 0 However, the resultant normal forces 
men c 'tIl. 
N and N are related to the displacements v and w through Hooke's law. 
m c 
So also are the bending moments M and M e These relationships, which 
m c 
we term the equations of deformations, are derived by substituting 
Equations [6] into [lJ and Equations [7J into [2] respectively. Thus, 
5· 
I -1 ! -1 N = E t [ r (d v dfJ + w) + ~ r (v cot ¢ + w) J 
m m e 
jJ.(r~1 cot p) [r;l(v ... dw/d¢)]} 
Me = D {(r~l cot ~) [r~l(v - dw/d¢)] + 
~rm-l(d/d¢)[r~l(v - dw!dfJJ} 
[lGaJ 
[lOb] 
See Reference (60), p. 54, for derivation of Equations [8], and 
p. 59, for derivation of Equations [9J ahd [10J. 
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The three equations of static equilibrium and four equations of deforma-
tions will make it possible to determine the seven unknowns. 
The work of reducing these differential equations can be simplified 
considerably by the proper choice of two new dependent variables A and 
U, the relations of which with respect to v, w and ~ are defined in 
Equat ions [llJ. 
A = r~l (v - dw/d¢) 
U = rc~ 
[llaJ 
[lIb] 
Then 9 the fundamental equations of equilibrium and deformations can be 
reduced to two simultaneous differential equations of second order. By 
the introduction of the Meissner differential operator L(x), which is 
defined as followsg 
L(x) = (r sin ¢yl(d/d¢) [r-1(r sin ¢)(dx/d¢)] - x r-l cot2 p, 
m m c c 
the system of equations for the general case of shells of uniform thick-
ness can be expressed by Equations [12J which represent the silIIJ?le st form 
of the Love-Meissner equationso 6 
L(A) - -1 U n-1 [12aJ }J-A r = m 
L(U) + -1 - EtA + f(¢) [12b] ~U r == m 
where ~ (¢) depends only on the shape of the. shell and the magnitude of 
the load~ In the case of shells of uniform thickness, the function 
becomes: 
in which 
F(¢) = 
(f'rm-
l 
+ r r-2) [(sin-2 ¢)F(¢) - r r pJ (cot p) 
em· m c 
! Pr r 
m c 
sin p cos ¢ d¢. 
60 See Reference (6~. po 63, for derivation. 
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There are several quantities in Which we are particularly inter-
ested. Normal forces, moments and shears are vital because design 
stresses are computed from these quantities. The meridional rotation 
and the component of deflection normal to the axis of revolution are 
also important in the solution of the boundary conditions. They should 
be e~ressed in terms of the new variables or some other quantities re-
lated to the new variables. Such relations are given in Equations [13J. 
N = U r -1 cot ¢ + r -1 (sin-2 ¢)F(¢) 
m c c 
Nc = r
m
-
1 (dUjd¢) + Pr
c 
- r
m
-
l (sin-2 P)F(¢) 
M = D [r -1 (dAjd¢) + f4-A r -1 cot ¢] 
m m c 
A = A 
[13d] 
[13£J 
[13g] 
For the case of spherical shells, conical shells and toroidal 
shells, it is convenient to use the differential equations based on the 
new variables A and U. In the case of cylindrical shells and flat cir-
cular heads, however, it is preferable to choose the e~ations based on 
the original variables v and w, because they can be reduced to equa-
tions which contain only one dependent variable in each equatJon. 
6. Reduction of Equations for Shells of Special Geometrical Shape 
The Love-Meissner equations for the general case of shells of rev-
olut ion can be simplified for shells of special geomet·rical shapes by 
the ~roper choice of dependent and independent variableso The differ-
ential equations, Equations [13J, relating normal forces, moments, 
shears, etc., to the dependent variables of A and U can also be ex-
pressed in simpler form for particular geometrical shapes. 
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The special geometrical relations for shells of various shapes under 
consideration can be ~arized as follows: 
10 Cylindrical shell 
p = 900 , r" df; = clx, m 
r = cd r = R. m c 
20 Spherical shell 
¢ = 900 - 1Jt' , d¢ = - d y, 
r = r = p. m c 
30 Conical shell 
¢ = 90° - 1V'0' r d¢ = dy, m 
r = 0C0r 7 r = y tan ~ . m c 0 
40 Toroidal shel17 
¢ = 90° - ~, d¢ = - d')V", 
r = K, r = K (I + A c se ¢). m c 
50 Flat circular head 
fJ = 0, r dfJ = dr, m 
r =r =00'. 
m c 
r sin ~ = r, 
c 
The use of these relations, including the introduction of the quantities 
such as x in the case of cylindrical shells, y in the case of conical 
shells n etc., permi~the reduction of the governing differential equations 
8 to the following Simpler forms: 
1. Cylindrical shell 
444 1 d w/dx + 4~0 w = P D-
where 
2 ~ -1 ~o = [3(1- ~ )J (Rt) 
2. Spherical shell 
-1 -1 L(A) - fAA p = U D 
-1 L (U) + pUp = - EtA 
[14J 
70 The treatment of this type of shell is confined to a particular por-
tion of the shell which serves as the head knuckle and is not gener-
alized to ap~ly to a complete torus. 
80 For derivation of Equations [14J to [18J, see Reference (57). 
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where 
L(x) = p-l [d2x/d¢2 + (dx/dp)(cot p) - x cot 2 p] 
3. Conical shell 
L(A) = U 1)-1 
L(U) = - EtA + '£(¢) 
where 
L(x) = y(tan yr-o)[d2X/dy2 + dx/dy - x/yJ 
and 
I (¢) = - (3/2) (Py tan ~) 
4. Toroidal shell 
L(A) - pA K-l = U n-l 
L(U) +,uU K-I = - EtA + i (¢) 
where 
[16aJ 
[16b] 
L(x) = K-1 [(d2x/dP) (1 +ACSC ¢) + (dx/dfJ)(cot ¢) 
and 
.. 4 -1 i (¢) = APK(cos fJ)(~+ sin p)(sin ¢ -2.A.) (2 sin ¢). 
5. Flat circular head 
3 I ~ -1 ( 2 I 2... -2 ( I_ ... (,1 [ ., d w dr .... + r - d wjdr ) - r dw d.r) = Pr 2D) IBa.J 
d2v/dr2 + r-1 (dv/ar) - r-2 v = 0 [lBb] 
The relationships for normal forces, moments, shear, meridional 
rotation and deflection measured normal to the axis of revolution,with 
respect to the foregoing dependent and independent variable~ can be 
given for shells of special geometrical shapes as follows: 
1. Cylindrical shell 
~ = - D (d3w/ dx3) 
N = PR/2 
m 
N = +P.R - RD(d4w/ax4) 
c 
f~ = - D (a2w/dx2) 
Me = - rD (d 2wl dx2) 
[19a] 
[19b ] 
[19c] 
[19d] 
[1geJ 
A = - dw/dx 
w = + w 
2. Spherical Shell 
-1 ~ = U P 
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N = U p-1 cot P + Pp/2 
m 
N = p-1 (dU!dp) + Pp/2 
c 
M = D p-l [(dA/dp) + ~A cot ¢] 
m 
M = D P -1 [A cot ¢ + ~ (dA/ d¢ ) ] 
c 
A = A 
-1 W = (p sin ¢) (Et) (N - uN ) c r m 
30 Conical shell 
-1 
~ = U(y tan '"f"o) 
N
m 
= U y-1 + (Py tan 7/"0)/2 
Nc = dU/dy + Py tan Yo 
M = D [dA!dy + ~A y-lJ 
m 
M = D [A y-l + fo(dA/dy)] 
c 
A = A 
-1 
W = (y sin 1/"0) (Et) (N
c 
- pNm) 
4. Toroidal shell 
-1 
\. = TIC K (1 + A c sc ~)] 
N
m 
= PK(l + I\.csc (;)/2 + ~ cot fJ 
2 2 No = PK(1 - 'A. esc ¢) 12 + (1 + ACSC ¢) (d~! d'/J) 
1 -1 
M = DK- [dA/d¢ + jJ-A(cot fJ) (1 + ACSC ¢) ] 
m 
1 -1 
M = DK- [A(oot p) (1 + ACSC fJ) + )J-(dA/d¢)] 
o 
A = A 
-1 
W = K(1 + I\,csc ¢) (sin ¢) (Et) (N - ~N ) c I m 
[19£] 
[19g] 
[20a] 
[20b] 
[200J 
[20dJ 
[20e] 
[20fJ 
[20gJ 
[21aJ 
[21b] 
[21c] 
[21d] 
[21eJ 
[21fJ 
[21g] 
[22aJ 
[22b] 
[22cJ 
[22eJ 
[22fJ 
[22g] 
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5. Flat circular head 
~ = - Pr/2 
N = Eat (dv/dr + ~v r-1 , 
m 
N = EI t [v r-1 + }L(dv/dr)J 
c 
M = - D [d2w/dr2 +,.v.r-1 (dw/dr)J 
m _ 
M = - D [r -1 (dw/dr) + ,M.(d2w/ dr2)] 
c 
A d 1_ .. = - w/ur 
-w = + v 
[23bJ 
[23dJ 
[23eJ 
[23£J 
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I I I. GENERAL CONS !DERATION'S IN PRESSURE VESSEL .ANALYSI S. 
7. B.asic Assumptions of the Analysis 
The pressure vessels under investigation are assumed to have the 
following properties and to be loaded in the following manner: 
1. The vessel consists of a cylindrical shell with a rigidly 
attached head at each end in the form of a surface of rev-
olutiono Both the cylindrical shell and the head of the 
vessel are assumed to be of uniform thickness, but the two 
thicknesses may be different. In all cases g both the 
thickness of the cylindrical shell and that of the head are 
taken to be small in comparison with the respective radii 
of curvature of the unloaded middle surface in the merid-
ional and circumferential directionso 
2. The only load on the vessel considered in this presentation 
is a uniform internal pressureo Stresses due to dead 
weight p support reactions and other concentrated loads are 
to be added to those obtained by this analysis. The meth-
od here developed can~ however~ be extended to cases in 
which the pressure~ while symmetrical with respect to the 
axis of revolution and normal to the surface of the vessel. 
is non-uniform. 
3. The cylindrical shell of the vessel is assumed to have a 
length exceeding at least twice its diameter so that it can 
be considered as semi=infiniteo The heads of the vessel 
are taken to be free from holes or any geometrical stress 
raisers other than those inherent in the shapes of the 
heads~themselves~ 
4. The radial component of stress in the cylindrical shell and 
in the head is small in comparison with the stresses devel-
oped in the meridional and circumferential directions. It 
is neglected in the analysis just asp in conventional flat 
platetheory~ the component of stress normal to the bound~ 
ing planes is neglectedo 
5. The displacements of the vessel are assumed to be so small 
that the equilibrium conditions for an element in the cylin-
drical shell or in the head are the same before and after 
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deformation. Therefore, quantities of second order pertain-
ing to the changes in curvature can be neglected. 
6. Lines normal to the undeformed middle surface of the vessel 
are assumed to remain normal to the middle surface after 
def 0 rmat ion. 
7. The condition at the head-to-shell juncture of the vessel is 
as~ed to oe such that the juncture point is the intersec-
tion of the middle surfaces of the cylindrical shell and the 
head. 
80 Types of Heads under Investigation 
The types of heads under investigat i on have been selected wi th a. 
view to conformity between the aS~lmptio~ underlying the theory and agree-
ment ~ith conditions existing in industrial practice. With the aim of 
checking the numerical procedure against the results of other methods of 
analysis, consideration has first been given to a form of head (the spher-
ical segment) which all of these other methods of analysis are capable of 
handling 0 Attention has then been turned to certain geometrical surfaces 
which are encountered in industrial practice. The limited number of types 
of heads here presented does not$ however, exhaust the variety which can 
be handled by the proposed numerical procedure which iS 7 in fact, quite 
general .. 
The six types of heads under investigat ion are as follows: 
(See Fig & 3) 0 
10 Spherical head. 
20 Conical head 
30 Torispherical head. 
4. Toriconical head 
5e Hemispherical head 
". Flat circular head. b. 
These heads are built up of one or more of the fry~r basic elements: the 
spherical shell, conical shells toroidal shell and flat circular head 0 
Numerical solutions by finite difference equations are first developed 
for each of these fundamental cases. Then, any problem involving a com-
bination of these elements can be solved oy the proper treatment of the 
boundary conditionso 
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9. Treatment of Boundary Conditions 
The pressure vessels under consideration are built up of a qylin-
drical. shell wi th a rigidly attached head at each end. This head. in turn 
... 
may be a·single geometrical shape or a combination of geometrical surfaces. 
A fundamental difficulty in the analysis is the adjustment of statical and 
deformational conditions at points where different shapes merge. This 
problem may arise from the presence of a head-to-shell juncture, head-to-
knuckle juncture, or knuckle-to-shell juncture. In any case, static 
equilibrium and continuity of deformation at the particular juncture must 
be maintained. The former conditions require the equality of moments and 
shears in the meridional direction; the latter conditions call for the 
equality of meridional rotation and deflections measured normal to the 
axis of revolution~ 
Of the possible alternative treatments of the boundary conditions, 
it is found convenient to equate the meridional rotations and the deflec-
tions measured normal to the axis of revolution on both sides of the jun~ 
ture. These quantities are readily expressed in terms of meridional mo-
ments and shears at the juncture. 
For the sake of convenience in computation, the boundary conditions 
of the types of vessel heads under investigation are classified into four 
main categories as shown 
1. Group One - The head and the cylindrical shell show discon-
tinuity at the head-to-shell juncture, and their meridians 
intersect at an arbitrary angle less than ninety degrees. 
This group includes the cases in which spherical or conical 
heads are joined to the cylindrical shell. 
2. Group Two - The head and the cylindrical shell show dis-
continuity at the head-to-shell juncture, but their merid-
ians intersect at right angles. This group is a special 
case of Group One and includes only the case of flat cir-
cular heads joining the cylindrical smell. 
3. Group Three - The head proper or the knuckle of the head 
meets the cylindrical shell in a smooth, continuous, head-
9. It is sufficient to satisfy this single deformation condition, since 
deformations parallel to the axis of revolution can be made com-
patible by a rigid body translation not including any stresses. 
Q 
(Al GROUP ONE (8l GROUP TWO 
i \ i ~\ Q 
.1 I A I 
Q -'.::::.-:1 ~ __ J J. ( . I I 
" 
\ 
I 
",,~~ ! ~ I N 
I \. ~ \ I \ I ~ \y C1 
rl \ 
.. \ 
\IV ~~o. 
I ,~~ ( _---~a td H 
(C) GROUP THREE (0) GROUP FOUR 
FIG. 4 CLASSIFICATION OF BOUNDARY CONDITIONS 
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to-shell juncture. This group includes the cases in which 
the hemispherical head or the toroidal knuckle joins the 
cylindrical shell. 
4. Group Four - The head proper meets the knuckle in a smooth, 
continuous, head-to-knuckle juncture. This includes the 
cases in "which the spherical or conical heads join the 
toroidal knuckle. 
The basic difference in these four groups of junctUres lies in the 
conditions of static equilibrium at the junctures. As is noted in Fig. 
4, the moments on either side of a juncture are equal and opposite in 
each group, but the relations between the shears and normal forces in the 
meridional direction at the various junctures are different. These re-
lations can be summarized as follows: 
1. Group One" 
~ = H sin Ph - V co S ¢h 
N = H cos ¢h + V sin ¢h 
where 
V = (pp sin ¢h)/2 for spherical head 
V = (PS cos Ph)/2 for conical head 
2~ Group Two 
Q. = - V, N=H 
where 
V = PR/2 
3. Group Three 
q, =H) N = V 
where 
V = Pp/2 for hemispherical head 
V = PK(1 + A)/2 for toroidal knuckle 
4. Group Four 
Q,' = Q,1 Nt = Nt. 
The meridional rotation and the component of deflection normal to 
the axis of revolution are linearly related to the meridional moment and 
shear at the juncture by the solutions for the cylindrical shell and the 
head. For example, at the head-to-shell juncture, the rotation ~ and the 
-25-
deflection 8 can be obtained for the head in the form: 
and, for the cylindrical shell, 
Similarly, at the head-to-knuckle juncture, the rotation ~ and deflection 
S can be obtained for the head proper in the form: 
and for the knuckle, 
The numerical determination of the constants a , b , •.• etc. are dia-
n n 
cussed later. For example, in Section 11 of this chapter, CL and S at 
the juncture of a cYlindrical shell are obtained in terms of M, Hand 
Po The determination of these constants for various types of heads is 
given in Chapter IV. For the present it suffices to note that by 
equating ~ and B at the joint, the values of M and H at the joint are 
readily found in the case of vessel heads without knuckles. Similar-
, 1 
ly~ by equating CL and B at the head-to-knuckle juncture as well as 
I 
CL and 8 at the knuckle-to-shell juncture, the values of M, H, M and ct' 
are obtained for vessel heads with toroidal·knuckles. 
While the foregoing discussion is confined to the boundary condi-
tions encountered in the analysis of the particular types of heads 
which we propose to examine in detail, it does not limit the application 
to these particula.r types of heads. Not uncommonl~ pressure vessel 
heads in actual service are better approximated by several segments of 
toroidal shells having different radii along the meridian. The intro-
duction of each additional shell s~ent brings into consideration 
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four more UDlcnowns and a like number of boundary conditions. Such problems 
can a1ways be handled although the computation is~ of course, more tedious. 
I 
lO~ Nature of Critical Stresses 
For engineering purposes~ the magnitudes of the stress components are 
of primary importanceo In particular\) designers must be able to estimate 
the critical stresses whiCh will occuro It is therefore highly desirable 
that the results of analysis be expressible in terms of stress o 
As a first Btep~ the quantities N, N , M , M and 0 are computed 
m c m c ".tIl 
by means of the previously developed formulas, Equations [19J to [23] of 
Chapter II, after the solution of the governing difference equations is ob-
tainea~ These quantities are computed for points at regular intervals 
apart for whiCh the equations of finite difference are establishedo 
Since the thicknesses of both the cylindrical shell and the head of 
the vessel a.re assumed to be small in comparison with the respective radii 
in meridional and circumferential directions g assumptions regarding the 
distribution of stress through the thickness similar to those employed in 
elementary beam theory may be usedo The direct stresses are assumed to be 
uniformly distributed over the thickness of the shell; the bending stress-
es are assumed to var.1 linearly through the thickness of the shell, with 
zero value at the middle surface and numerical maxima at outer and inner 
surfaces; and the shearing stress is assumed to have a. pal ... abolic distribu-
tion across the thickness of the shell g with zero values at the extreme 
fibers and a maximum at the middle surface equal to 3/2 the average shear-
ing stress. These relations are conventional snd g in fact, were introduced 
in the development of the basic theoryo 
The direct and bending stresses in the same direction are additive 
algebraically 0 The sum of these two is designated the "total J9 stress" 
The total stresses at the outer and inner surfaces in each direction are 
principal stresses because the shearing stress is zero at extreme fiberso 
The components of stress in both meridional and circumferential directions 
vary from point to pointo In general p numerical maxima occur in the 
vicinity of the juncture either on the outer or inner surface~ and de-
crease rapidly both in the head and in the cylindrical shell until they 
reach the value of membrane stresses o The critical stress may occur either 
in the head. or the cylindrical shell depending on the geoaetry of the bead.. 
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The distribution of stress through the thickness assumed in the 
previous paragraph leads directly to the following expressions which 
relate the component s of total stress es to the normal forces and mo-
ments. At the outer surface: 
a (0) = N It + 6M It 2 
m m m [24a] 
a (0) = N It + 6M It 2 
c c c [24b] 
At the inner surface: 
a (i) = N It _ 6M It 2 
m m m 
[24c] 
a (1) = N It _ 6M It 2 
c c c [24d] 
The shearing stresses are proportional to the meridional shears. 
The critical shearing stress m~y also occur either in the head or the 
cylindrical shell, and is related to the maximum meridional shear, since 
11. Analysis of the Cylindrical Shell 
At this point we develop for the cylindrical shell some of the 
relat ions which will be of use in the later chapt ers 0 For thi s case, 
an "exact" solution is well known. The governing differential equation 
for cylindrical shells has been given in Equation [14J as follows: 
d 4 w I dx 4 + 413 4 w = P D -1 [14 ] 
o 
where 
2 v~ -1 ~ = [3(1 - ~ )] (Rt) 
o 
The classical solution of this equation has the well known form: 
W= 
~ x 
e 0 (c 
1 
_~ x ( 
e 0 c3 
cos ~ x + c2 sin ~ x) + o 0 
-1 
cos ~ox + c4 sin ~ox) + PR2(2 -;;.)(Et) 
where cl ' c2 , c3 and c4 are constants of integration. With given bound-
ary conditions as in the case of the cylindrical shell of a pressure 
vessel, the expression for the deflection w and its consecutive deriva-
tives can be represented by the following equations. lO 
10. See Reference (61), p. 392, for derivation. 
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w=- (2 e~oX ~ 3 D)l[~ M(cos ~ x - sin ~ x) + H cos ~ x)] 00000 
+ PR2 (2 - ~)(2Et)-l . [25a] 
J30 X 2 -1 dw/wx = (2 e ~o D) [2~oM cos ~ox + H (cos po.x + sin f3oX)] 
2 2 ~ x -1 d w/~~ = - (2 e 0 ~ b) [2~ M (cos ~ x + sin ~ x) 000 0 
+ 2H sin f3 x] 
o 
[25b] 
[25c] 
~ x -1 
(e 0 D) [2~oM sin Pox - H(cos ~ox - sin ~ox)] 
[25dJ 
where M and H are respectively the meridional moment and meridional shear 
acting on t he cylindrical shell at the juncture. 
The relationships of normal forces, moments, shear, meridional rota-
tion and deflection normal to the axis of revolution can also be expressed 
in terms of M and H as follows: 
-f3 x Gb = - e 0 [2f3oM sin ~ox - H(cos ~ox - sin f3 ox)] 
N = PR/2 
m 
f3 x 
N = PR/2 - R{2 e 0 
c 
3 -1 
~o) [f3 M(cos ~ x -
o 0 
sin ~ x) 
o 
[26a] 
+ H cos ~ x] [26cJ 
o 
f3:X: -1 
M = (2 e 0 ~) [2f3 M(cos f3 x - sin f3 x) + H sin f3 x] [26d] 
moo 0 0 0 
M = pM c m 
~ x 2 -1 . 
A = - (2 e 0 f3 D ) [2f3 M cos f3 x + H ( cos ~ x + 
000 0 
sin f3 x)] 
o 
[26f] 
w = 
f3 x -1 (2 e 0 f3 03 D) [f3 M(cos ~ x -o 0 sin f3 x) + H cos f3 x] o 0 
+ PR2 (2 -,,(;I-) (2Et)-l C26gJ 
At the head-to.shell juncture, where x = 0, the rotation ~ and the 
deflection 8 can be obtained as follows: 
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2 -1 
a. = A] x = 0 = - ( 2~ oM + H) ( 2~ D) [ 27 a] 
B = wJ 0 = - (~ M + H)(2~ 3 D)-l+ PR2 (2 -,,'\ (2Et),l [27b] 
x = 0 0 ~ 
These quantities are to be dealt with later in t he consideration of 
the conditions of continuity at the head-to-shell juncture. Equations 
[27] are examples of the linear relationship between edge moment and edge 
shear on the one hand and the rotation and deflection on the other, to 
which reference was made in Section 9 of this chapter. 
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IV. METHOD OF FINITE D IFFEEENCES. 
12. General Concepts 
The solution of the governing differential equations~ Equations 
[12J9 for shells of various shapes by the method of finite differences 
consists in replacing the differential coefficients by finite difference 
analogues which are simply algebraic relationships between the values of 
the dependent variables at points on the middle surface of the shell. 
There results a set of simultaneous algebraic equations, one equation 
for each point of a mesh. The unknowns in this set are the wanted quan-
tities from which may be derived the values of the normal forces, bend-
ing moments and shears. 
To a certain extent, the procedure is analogous to the finite dif-
ference method which has long been applied to the solution of flat plate 
design problems. The principal additional obstacles which arise in con-
nection with this extension have their source in the proper treatment of 
the boundary conditions. These difficulties are overcome through the 
introduction of fictitious points of the meSh. Although this idea is 
well known, the technique of its systematic application to the analysis 
of pressure vessel heads is believed to be presented here for the first 
time. 
For the family of curves surfaces which includes spherical, coni-
cal, and toroidal shells, the governing differential equations are sim-
plified by the introduction of a pair of new vari~bles. The flat circu-
lar head closing a cylindrical pressure vessel is a special member of 
this class o Its analysis has been included for the purpose of comparison 
in spite of the fact that the "exact" solution for this case is relative-
ly simple. The types of shell for which the method of finite differences 
is to be developed are shown in Fig. 5. 
The basic formulas for the finite difference analogues are obtained 
by taking the first term of T~lor9s series representing the res~ective 
differential coefficients. These formulas are approximations beoause the 
higher order terms in the series are omittedo As a matter of fact, the 
finite difference formulas presented in this section represent the deriv-
atives of a function y = f(x) for which x exists at values in integer 
multiples of ~9 so that y = Yl' Y2 g •• o.Yn for x =~, 26, •..• ~. 
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Let us consider a general point n. The central difference formulas 
for the derivatives of the function y at the point n are as follows: ll 
(dy/ax) = (y +1 - y 1)/2~ n n n-
2 2 2 (d y/dx )n= (Yn+l - 2sn + Yn-l)/~ 
(d3y/a..x3)n = (Yn+2 - 2yn+l + 2yn-l "- Yn_2)/2A3 
(d4y/dx 4)n = (y .1-2 - 4y +1 + 6y - 4y 1 + Y 2)/~4 nT n n n- n-
[28a] 
[28b] 
[28c] 
[28d] 
The formulas for for-ward. and backward differences are used in this work 
instead of centrel differences only when the cas~ must call for such sub-
stitution (e.g. at the edge of the shell). Their use is required only 
for the first derivative of the function p as given here. 
[28e] 
[28f] 
Cases do arise in Which the differential coefficients can not be re-
placed directly by their finite difference analogueso Notable examples 
are the equations for points at the cro~n of a sphere, the apex of a cone, 
or the center of a flat circular head. Due to the fact that P = 0 in the 
case of a sphere, y = 0 in the case of a cone, or r = 0 in the case of a 
flat circular head, indeterminate forms appear in the equations for these 
pOints. Under these circumstances, the different'ial coefficients must 
first be transformed by de LOHospital 9 s rule which gives: 12 
Lim 
x ~O 
tp(x)/ e-(x) = lim rpl (x)/ ~I ex) 
x~o 
in which ~ (x) and D- (x) are functions of x, satisfying certain condi-
tions, and p8 (x) and I} Q (x) are their respective first derivatives o 
11. For derivation of Equations [28J, see nNumerical Mathematical Analy-
sis" by J o E. Scarborough. Johns Hopkins Press, Ealtimore, Maryland, 1930 9 po 38. 
12. For derivation of the expression, see "Treatise on Advanced Calculus" 
by P. Franklin. John Wiley and Sons, Inc., 1940, p. 121. 
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13. Spherical Shell 
The governing differential equations for 
in Equations [15], Chapter II, which state: 
a spherical shell are given 
where 
L(A) - .flAp-l = U D-l 
L(U) + f' Up-1 = - EtA 
We introduce two new variables, " and. "S , defined by the equations: 
A = p2n-l wn 
U = pw~ 
C30a] 
[3Gb] 
where w(¢) is a function so determined as to eliminate the terms involving 
the derivatives of first order in the governing differential equationso 
Thi 8 is accomplished by taking w in the form: 
1-,-1/t. 
CD = + (sin ,.,) 
dru/d¢ = - (w/2)(cot ~) 
d2w/dp2 = + (w/4)(cot p + 2 csc2 P) 
Then, the governing differential equations become: 
d~/d~2 - [a(¢) + ~ ]" = S 
d2S/dfJ2 - [a(p) - ~]S = - 12(1 - fl2) (pit)2" 
in which 
a(¢) c (3/4) (cot2 ~ ) - 1/2 
[31a] 
[3lb] 
[31c] 
[32a] 
[32b] 
For simplicity of presentation, several numerical constants are in-
troduced and defined here. The subscript n in each term refers to the par-
ticular point (i.e. the particular value of p =~) under consideration. 
. n 
a = (3/4) (cot 2 !lA) -1/2 
n 
b = 2 + a ~2 
n n 
c = 2 + b 2 [12(1 _ ~) (p/t)2 _ LL2] ~4 n n ,-
d = (1 - 2 }J-)~ cot nA 
n 
e = (b + ll. ~ 2) - d 
n n r n 
t = (b 1 + b - d );e n n- n n n 
[33a.] 
[33b] 
[33c] 
[33d] 
[33e] 
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The difference e~ations for a general point, the analogues of 
Equations [32] ~ are as follows: 
C34a] 
On separating the variables n and ') in these e~ations, we have the follow-
ing form~ 
n - (b + b)~ + c n - (0 + b )n + ~ = 0 
, n-2 n-1 n "n-l n n n n+l n+l "n+2 
. [35] 
and ~ = /j.-2 [n - (b + u~2)il + n 1] 
vn n-l n r n n+ 
The difference equations for normal forces, moments, shear, merid-
ional rotation and deflection normal to the axis of revolution at the 
general point n can be obtained in terms of n. 
(0) = CD ~-2 [n +1 - (b + uL:i2)n +" 1] 
'm n n n n I n n-
[37C] 
(A) = p2n-l w " n n n [37£] 
(;) = (p sin~)(Et)-l[(N) -f'l{N)] 
n c n m n 
It must be noted that Equation [35] for a general point is not 
readily applicable to points near the crown or the edge of the spherical 
shell. So are some of Equations [37J which introduce terms involving 
points beyond the boundar.1. Fictitious points are introduced in these 
instances and the apprQpriate values of 11 are determined through the con-
ditions of static equilibrium at the boundaT,1, as is explained in the 
succeeding paragraphs of this section. 
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At the crown of the spherical shell, it is known from Equation [31a] 
tha.t for n = 0, ru ~~o Then, from Equations [30]\) we must have 
n = 0 o 
3'0 = 0 
[388.J 
[3gb] 
Therefore\) at the points n = 1 and n = 2, the difference equations become 
[39a] 
[39b] 
At the edge of the spherical shell for ~hich n = q, it is known from 
Equations [37d] and[37a] respectively: 
-2 2 Q, = w 6 [n 1 - (b + u6)n + il lJ q q+ q I q q-
By solving the above eqUations for nq and nq+1 , we obtain 
'fl ::: 2 e ..,1 n 1 + ~ (p'J) e ) -1 M - 62 (we) -1 q, 
q q q- q q q q [40a] 
1 -1 
"11.+1 = (1 + 2d e -)n 1 + 2A (1 + d e -l){Pl>q) M ~ q q ~ q q 
2 -1 
... n d (we) Q, q q q [40b] 
Then, the difference equations at points (q - 2) and q - 1) become 
n 4 co (b 3'" b 2)n 3 + c 2:11 2 + (b 2'" b 1 - 2 eq-=>l )T1 q- 1 q... q.,., qoo q_ q_ q_ q<K' q_ _ 
, t") (w e )-1 + 2n (pu> e ) .... J. M _ 6 c:. q::: 0 
q q q q [41a] 
" 3 = (b 2 + b 1 )" 2 + (c 1.c 2f + 1) n 1 q~ q= q- q- q= q q-
( ) ( ) -1 2 ... 1 
-2Af -1 pw M+6fw Q,=O. 
m q q q [41b] 
The e~a.tions expressing normal forces, moments and shear for points 
at the crown and the edge are modified similarly 0 At the crown, the value 
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of shear (~)o is zero as it must be from considerations of symmetry. 
For the normal forces (N) and (N ) , de LfHospital's rule is first ap-
moe 0 
plied to the indeterminate form and then the forward difference formula 
is used in obtaining the equations. 
(~)o = 0 [428.J 
(N) = 
.. m a Pp/2 + (~)-l [4(~)1 - (~)2] [42bJ 
(N) = 
c 0 Pp/2 + (~)-l [4(~)1 - (~)2] [42c] 
Since the function w has a singularity at the crown, the values of the 
moments at that point, (M) and (M) have to be obtained by extrapole-
m 0 c 0 
tion from adjacent points. This introduces no serious error as these 
moments are, in gen.eral. so small as to be quite unimportant. 
Another exceptional point requiring special attention is that which 
coincides \nth the edge of the spherical shell (n = q)& Here all of 
Equations [37] are valid, but the use of [37c] to compute (N) would in-
c q 
troduce meSh points two units beyond the edge. This equation is there~ 
fore to be replaced by its backward difference analogue. 
(Nc)q = Pp/2 + (~)-l [3(~)q - 4(~)q_l + (~)q_2J [43] 
14. Conical Shell 
The governing differential equations for a conical shell are given 
in Equations [16], Chapter II, which state: 
where 
and 
L(A) = U n-1 
L(U) = - EtA + !(¢) 
A\\'fJ') __ -- _ ("'1/..." IT:;...,. -+-e.,., -J/' 
,;t! r )/ c:..1 \ .. ~ \I~ r 0 I· 
[).6a] 
[16b] 
We introduce two new variables nand r defined by the equationsg 
A = n-l un, 
U = (w tan ~ 0) j 
C44a] 
[44b] 
where w(y) is a function so determined as to eliminate the terms involv-
ing the derivatives of first order in the governing difi erential e qua-
tionso This is accomplished by taking w in the form: 
_112. 
W = + y 
dw/d~ = - w/2Y 
d2w/dp2 = + 3w/4y 
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Then the governing differential equations become: 
d2nl d~2 - 3i1/4y2 = SlY 
d2S1 d~2 _ 3J/4y2 = - 12(1 - )J..2) (illy) (cof-1/{> t-2 
- (3p/au) (tan to) 
[45a ] 
[45b] 
C45c] 
[46aJ 
[46b] 
For simplicity of presentation, several numerical constants are in-
troduced and defined here. The subscript n in each term refers to the par-
ti~lar point (i.e. the particular value of y =~) under consideration. 
n 
a. = 2 + 3/4n2 (47 a.] n 
b = (3/ 2)(wn-
l tan ~o) [47b] 
n 
2 + a 2 + 12(1 - f42) (6/nt )2(cot2 1f'0) [47c] c = n n 
d = (1 - 2jJ-) In [47d] n 
e = an - (1 - ¥)/n [47e] n 
f = [en - l)a 1 + na - nd ]/e n n- n n n [47f] 
The difference equations for a general point, the analogues of Equa-
tions [46], are as follows: 
" 
n ~ + n-l~ ~n n-l - an n + "n+l = .,), [48a] 
[4gb] 
On separating the variables i1 and 'S in these equat ion.s , we have the follow-
ing form: 
(n - l)n 2 - [(n - 1) a. 1 + na In 1 + nc " n- n- n n- n n 
and 
I 
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The difference equations for the solution of normal forces, mo-
ments, shear, meridional rotation and deflection normal to the axis of 
revolution at the general point can be obtained in terms of i). 
. -2 (~)n = wn~ [iln+l - an"n + "n-l] 
(Nm)n = (PnA!2) tan ~ + (~)n tan Yo 
(Nc)n = ~ tan ~ + [(tan ~)!2][(n + l)(~)n+l -
(n - l)(~)n_l] 
(Mm)n = Wn(~)-l C"n+l - (1 - 2~n-l"n - "n-lJ 
(Mc)n = fWn(~)-l C"n+l + (2~ - l)n-l iln - nn-l] 
(A) 
n 
= n-l w n 
n n 
[5lbJ 
[510] 
[5ld] 
[51e] 
[5Ig] 
It is noted, as in the case of the spherical shell, that Equation 
[49J for a general point is not readily applicable to the points near the 
apex or the edge of the conical shell. So also are some of Equations 
[51J which introduce terms involving points beyond the boundary. 
At the apex of the conical shell, it can be seen from Equation C45a] 
that for n = 0, W~~. Then, from E~uations [44J we have 
n = 0 o 
Jo = 0 
[52aJ 
[52bJ 
Therefore, the difference equations for the points n = 1 and n = 2 
become 
[53a] 
- (a,. + 2a2 ) Ttl + 2c2Tt 2 - (2a 2 + 3~) Tt3 ~ 3Tt4 + bt2 P '" 0 
[53b] 
At the edge of the conical shell for which n = q, it is kno~n 
from Equations [5Id] and [5la] respectively: 
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M = Wq (26)-l C'fl q+1 - dq'fl q - 'fl q_1] 
Q, = W qfl-2 C'flq+1 - aqT'lq + 'fl q_1] 
By solving the above equations for i1q and Tlq+l' we obtain 
-1 . ( -1 2 -1 11 = 2 e 11 1 + 26 we) K - ~ (we) Q, q q q- qq qq 
. -1 -l 1 
11q+1 = (1 + 2d e') Tl 1 + ~ (1 + de) w -M q q q- q q q 
_ fl2d (we) -1 ~ 
q q q 
C54a] 
Then, the difference equations at points (q - 2) and (q - 1) become 
(q - 3)'Oq_4 - [(q - 3)Sq_3 + (q - 2)a.q_2J Tl q- 3 + (q - 2)0 q-2Tlq-2 
- [(q - 2)a 2 + (q - l)a 1 - 2(q - 1) e -lJ n 1 q- q- q q-
-1 2 -1 2 +~(q-1)(we) M-fl (q-1)(we) Q,+b 2l::l P=O qq qq ~ 
C55a] 
[ (q - 1) c 1 - 2f + qJ n 1 - 2A (f - q) w -1 M q- q q- q q 
+ D. 2 f w -1 Q, + b 1 fl2 P = 0 q q q- [55OJ 
The equations expressing normal forces, moments and shear for points 
at the apex and the edge ere modified similarly. At the apex, the value of 
shear (~)o is zero as it must be from considerations of symmetry. For the 
normal forces (N )0 and (N ) ~ de LtHospitalts rule is used in obtaining 
m C 0 
their values. 
(~)o = 0 
(Nm)o = 0 
(Nc)o = 0 [56cJ 
Since the function w has a singularity at the apex, the values of the mo-
ments at that point (M) and (M) have to be obtained by extrapolation 
moe 0 
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from adjacent points. This introduces no serious error as these moments 
are, in general, so small as to be quite unimportant. 
Another exceptional point requiring special attention is that which 
coincides with the edge of the conical shell (n = q). Here all of Equa-
tions [51] are valid, but the use of [51c] to compute (N) would intro-
c q 
d.uce mesh points two units beyond the edge. This equation is therefore 
to be repI a.c ed by its backward di ff erenc e analogue_ 
[57] 
15- Toroidal Shell 
The governing differential equations for a toroidal shell are given 
in Equations [17J, Chapter II, which state 
where 
and. 
L (A) - jJ-A X-I = U D-l 
-1 L(U) + ~U K = - EtA + ! (q) 
L(x) = X-I [(d2x/d¢)(1 + ACSC ¢) + (dx/d¢)(cot ¢) 
- x{cot ¢ cos P)(i\+ sin p)-l] 
rITe" introduce two new variables " and J defined by the equati ons: 
A = x2n-l wTl [58a.] 
U = Kw,r [58b] 
where w(¢) is a function so determined as to eliminate the terms involv-
ing the derivatives of first order in the ~overning differential equa-
tianso This is accomplished by taking w in the form: 
I" ~ \ - 1ft 
ill :::: + \. 1\ + sin 'f / 
am/d¢ = .... (w3/2) cos q 
d 2w/ dP2 = + (w5 /4) (3 + 2 J\. sin ¢ - sin2 fJ) 
Then the governing differential equations become 
, [59a.] 
[59b ] 
[59cJ 
[60aJ 
where 
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a(¢)(d~/d¢2) - [b(¢) -,MJr= -12(1 _~2)(K/t)2" + 
w -1 ! (9). 
a (P) = I + A c sc fJ 
b(~) = (w 4/4 ) (3 - 2/\sin fJ - 5 sin2 ¢) 
[60b] 
For simplicity 0: presentation, several numerical constants are in-
troduced and defined here. The subscript n in each term refers to the par-
ticrular point under consideration. It should be noted (See Fig. 5) that 
~ is the angle between the axis of revolution and a perpendicular to the 
n 
middle surface at any ::point of the toroidal shell, measured along the 
meridian. Therefore, the angle at the inner boundary of the torus is 
~n = Ph and that at the outer boundary is Pn = fln + ¢ko 
a = n 
b = n 
c = n 
d = n 
e = n 
( A+ sin ~ ) (sin-l ¢ ) 
n n 
(w 4/4 )(3 - 2Asin p - 5 sin2 f;) n n n 
"\Xa cot ~ n n (sin fJ - 2~J (2 W Sin2 fJ )-1 n n n 
2a + b 6 2 
n n 
in = (1 - 2~)(cot ¢n)6/an 
g = (d + JJ-6 2 )/a + f 
n n n n 
hn = (dn + dn+l + anfn)/~ 
i = (d +u.62)/a - f 
n n' n n 
j = (d 1'" d - a fn)!i n n~ n n n 
(6la) 
[6lb] 
[61c] 
[61d] 
[61e] 
[61£] 
[6Ig] 
[61h] 
[6li] 
[6lj] 
The difference equations for a general point~ the analogues of Equa-
tions [60], can be written as follows: 
a" - (d - u6. 2) \. + a ')e = n~n-l n r· ~n njn+l 
[62'0) 
On separating the variables Tl and :r in these equations, we have the fol-
lowing form: 
and 
')CI - a 6 -2 [n - (d + ~ 2)n a. -1 + n J 
J n - n n-l n r- n n n+l • [64J 
The difference equations for the solution of normal forces, mo-
ments, shear, meridional rotation and deflection normal to the axis of 
revolution a.t the general point can be obtained in terms of n. 
(c.) = w 6-2 [Tln+l - (d + )J62 )n a -1 + 11 1J ~ n n . n n n n-
(Nm)n = PKa /2 + (Q) cot p 
n -om n n [65bJ 
(N) = PKa (1 - a/2) + a (2A)-l[(O) 1- (0' , [65c] 
c n n n n -om n+ ~ n-:r 
(M) = Xw (2A)-1 [n - (1 - 2;;.)6.8. -1 (cot ¢)11 - i1 Ij 
m n n n+l n n n n-
(M) = 
c n 
XU) 
n 
(26)-1 [nn+1 + (2!p.. - 1)6a -l(cot p)n - 11 1] 
n n n n-
[65eJ 
(A) 
n 
= x2n-l W 1] 
n n [65f J 
(;) = a K(sin ~ )(Et)-l[(N) - ~(N ) J 
n n n cn mn 
It must be noted that Equation [63J for a general point is not 
readil~ applicable to the points near the inner and outer boundaries. 
So are some of Equations [65] which may involve terms related to points 
'beyond the bou.nd.aries. Fictitious points are introduced in these in-
stances and appropriate values of 11 are determined through the condi-
tions of e~i1ibrium at the boundaries. 
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At the inner edge of the shell for which n =.p, it is known from 
Equations C65d] and rG5a] respecti~ely: 
I -1( 
M = Kwp (2~) n:p+1 - fp"p - "P-1) 
Q,I = w ~ -2 Cn"""""'l - (d + }J-~ 2)d -1 n + 11""'1] p. ~r p p p ~. 
By solving the above equations for" and Tl l' we obtain 
- p ~ 
ilp = 2 ~-l TlP+l - 2l:J. (KwpE),) -1M, - l:J. 2(wp~) -1 Q,I [66a] 
+ l:J. 2 f (w g ) -1 Q,I. 
P P P 
[66b] 
Then, the difference equations for points (p + 1) and (p + 2) will be as 
follows: 
(ap - 2hp + 6p+l )np+l - (dp+1 0+ dp+2)"P+2"" ap+2 "P+3 + 
2l:J.(h - a }(Xw ')1 M' + ~~ w -1 Q,I - Cp+l~4 P = 0 p p p p p 
[6Te] 
At the outer edge of the shell for which n = q, it is again kno~n 
from Equations [65d] and [65a] respectively: 
By solving the above equations for n and n .~~ we obtain~ 
- q 'q+J. 
n = 2 i -1 n 1 + 2~ (Ew i )1 M _ l:J.2(w i )-1 Q, 
q q 'q- q q q q [6Sa] 
" 1 = (1 + 2f i -1) n 1 + 2A (1 + f i-I) (Kw ) -1 M' q+ q q q- qq. q 
_ l:J. 2 f (w i ) -1 '"' q q q "'Ii. 
Then, the difference equations at points (q - 2) and (q ~ 1) will be as 
follows: 
a q- 3"q-4 - (dq_3 + dq_2 )Tlq_2 + eq- 2"q_2 -
(d 2 + d 1 - 2a 1 i -1)" 1 + 2A a 1 (Kw i )-1 M q- q- . q- q q- q- q q 
_ ~2 a , (w i )-1 Q, _ c ~4 P = 0 
. q-'t' q q q-Z- [69a] 
a 2:11 3 - ( d 2 + d . 1)" 2 + (e 1 - 2j + a)" 1 q- q- q- q- q- q- q q q-
- ~ (j - a ) (Xw )"1 M + ~ 2 j w -1 Q, - c 164 p = 0 [ 69b) q q q q q q- • 
Equations (65) for normal forces, moments and Shear are all valid, 
but the use of Equation [65e) to compute (N )p or (N) would introduce 
c c q 
mesh points two uni ts beyond each boundary of the toroidal knuckle. The 
central difference analogue in this equation should therefore be replaced 
by either forward or backward differences. For the inner edge, we have 
(Nc)p = PKap (1 - ap/2) 
- ap (~)-1 [3(~)p - 4{ ~)P+l + (~)P+2] f [70] 
And, for the outer edge, we have 
(N) = PKe. (1 - a /2) 
c q q q 
-1 
+ a q (2A) [3(~) q - 4(~) q-l + (~) Q-2]' [71] 
16. Flat Circular Head 
The governing differential equations of a flat cir~lar head are 
given in Equations [18], Chapter II, Which state: 
elBa] 
2 I 2 -l( I) -2 d v dr + r dv dr - r v = 0 [lBb] 
These. two equations are independent of each other as far as de-
pendent variables are concerned. They are treated separately herein. 
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For simplicity of presentation, several numerical constants are in-
troduced and defined here. The subscript n in each term refers to the par-
ticular point under consideration. 
a = 2 + 2/ n + 1/ n 2 n 
b = 2 - 2/ n + 1/ n 2 n 
c = 2n/ (2:n. + )J.) 
n 
d = (2n - M)/(2n + ~) n 
[72a] 
[72b] 
[72c] 
[72d] 
[72e] 
Than, the difference equations for normal forces, moments, shear". axial ro-
tation and deflection normal to the axis can be obtained for a general point 
(Nm)n = - Elt(~)-1(Vn_l - 2~vn/n - vn+1 ' 
[73a] 
[73bJ 
(Nc)n = - Elt(~)-1(Vn_1 - 2vn/ ~n - vn+1) [73c] 
(K) = - D /::.-2 [(1 -JA/'2:A)w 1 - 2w + (1 +fL/2A)w +1] [73dJ 
m n n- n n 
(1I.c )n = -- fND /::.-2 [(1 - l/2p.n)wn_l - 2Wn + (1 + l/2;<n)wn+l ] [73e] 
[73£] 
(w~ = + vn [73g] 
Considering now the governing differential equation for w~ we obtain 
the difference equation for a general point n in the form: 
w 2 - aWl + 4w n- n n- n 
-1 4 -1 
n + bn wn+l - wn+2 + n!::. D P = 0 
It is noted that at the center of the head, for which n = 0, this equation 
can not be applied because r vanishes. However, by differentiating the 
original equation with respect to r, we obtain 
d4w/dr4 + r-1 (d3w/dr3) _ 2 r-2 (d2w/dr2) 
+ 2 r-3 (dw/dr) = p(2D)-l 
The above equation can be expressed in another form which can be simpli-
fied by de L9Hospital's rule. 
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For r = 0, the second term of the above equation has the indeterminate 
form ~(r)/ (). (r) = 0/0. Therefore 
Lim rp(r)/ ~ (r) = Lim rp' (r)/ ~ I (r) = (1/3)(d4w/dr4). 
x~o 
From this, we obtain 
d4w/ dr 4 = (3/8) (D-l P), 
Then, the difference equation for n = 0 can be written as follows: 
w2 - 4wl + 6wo - 4w_l + w_2 - (3/g)(~4D-lp) = o. 
From the symmetrical properties of the flat circular head, we must have 
wI = w_l' w2 = w_2 • Then, the difference equations for n = 0 and n = 1 
become 
6w
o 
- 8wl + 2 w2 - (3/g)(~4D-lp) = 0 
5w - A4D-l p = OL o - 5wl - w2 + w3 u • 
[75a ] 
[75b ] 
For points near the boundary of the head, the equations for a general 
point should also be modified. It is known from the condition of static 
equilibri um at the boundary that 
From this expression, we obtain 
w = - c 6. 2n -1 M - d w - 2c w • q+l q q q-l q q 
Still another equation is needed to express the relation between w q 
and the other unknowns at points inside the boundary. We are only in-
terested in the relative values of wVs because only these relative 
values affect the meridional rotation at the edge which we want to ob-
tain. 
Then, 
We can therefore assume ~~ arbitrary 
w = 0 q 
2--1 
w 1 = - c 6.lJ M - d w 1 q+ q qq-
value for w , q w = o. q 
[76a) 
(76b] 
Therefore, the difference equations for points (q - 2) and (q - 1) be-
come 
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w 4--& w + 4 (q - 2) -1 w + b w q- q-2 q-3 q-2 q-2 q-1 
) 4. -1 + (q - 2 ~ D P = 0 [77a] 
w 3 - a 1w 2 + [4(q - 1)-1 + d]w 1 q- q- q- q q-
~--1 ) 4 -1 + c ~-rJ M + (q - 1 ~ D P = 0 q • [77b] 
The second of the governing differential equations involving v can 
be treated in the same way. The difference equations for a general point 
can De written as follows: 
At the center of the head where n = 0, it is known from the physical con-
di ti Olls that v = 0... Then, for points n = 0 and n = 1, the equations be-
e 
come: 
v = 0 
o 
- 6v1 + 3v 2 = 0 
[79a] 
[79b ] 
At the edge of the flat circular head? it is known from the condition of 
static equilibrium 
N = ]11 t [( ~) -1 (3v - 4v 1 + v 2) + fA- ( q~) -Iv ] • q q- q- q 
Here the backward difference analogue has been used instead of the central 
difference analogue as shown in Equation [73b]. From the above expres .... 
siont we obtain 
v = ~e (El t)-~ - e v 2 + 4 e v 1-q q q q- q q- [80] 
Difference equations for points (q - 2) and (q - 1) can be expressed 
as follows: 
[2"; (q - 2)1) v q_3 - [4 + 2(q - ~)~ v q_ 2 + 
[2 + (q - 2) -1J v 1 = 0 q-
[ 2 (1 - e ) - (1 + e ) (q - 1)-1] v 2 q q q-
- [4(1 - 2e ) - ~e ('1 - 1)-1 + 2(q _ 1)-2] 
-=1 q 
+ 2lle (:Bpt)-1 [2 - (q - l)-l]N = a 
q 
v q-l 
[81aJ 
[81b] 
now, it is possible to set up two sets of simultaneous different 
equations, one set involving wts only and the other set ViS only. The 
solutions of these sets of equations give wls in ter.ms of M and P, and 
ViS in terms of N. 
The expressions for normal forces ll moment s and shears at the cen-
ter of the head can be obtained by de LIHospitalts rule. 
(~)o = o [82a] 
(Nm)o = (~)-1 (3v
o 
- 4vl + v2)(1 + Ik)E1t [82b] 
[82c] 
(M) = D ~-2 (2w 1- 2w )(1+ IlL) 
m 0 n+ n ~- [82d] 
(M) = D 6-2 (2w +1 - 2w )(1 + ~). con n r [82e] 
At the edge of the flat circular head, Equations [73] are applicable, 
and there is no need for modification. 
17. Application of the Procedure 
For the family of curved surfaces which includes spherical, coni-
cal and toroidal Shells, the applications of the procedure are identical. 
The flat circular head closing a cylindrical preS5Ure vessel is a spe-
cial member of this class. The application of the procedure to this type 
of head is slightly modified. 
A. Summary of the procedure. 
The procedure developed in this chapter is sumnarized here o The 
following steps are given for the family of curved surfaces: 
1. Set up simultaneous difference equations for the values of 
n at various points in integral values of ~, excluding the points at ths 
boundaries, which are related to the points inside the boundary and can 
be obtained later. The number of equations will be equal to the number 
of unknowns. 
2~ The solution of the simultaneous equations gives the un-
known values of i1 in terms of the meridional moment and meridional shear 
at t~e boundary ~ and the uniform internal pressure. 
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3. The meridional rotation and deflection normal to the axis 
at the boundarY can also be expressed in terms of these quantities. By 
consideration of the conditions of continuity at the juncture, the edge 
moment and edge shear can be evaluated. Then, the values of T1 are ob-
tained explicitly. 
4. Having the values of n at discrete points on the shell, coc-
pute normal force~, moments and shears at these points. The total (direct 
plus bending) stresses and shearing stresses are obtained from the result-
ant no.mal forces, moments and shears by EqUations [24] given in Chapter 
III. 
For flat circular heads~ the steps are only slightly modified: 
1. Set up two sets of simultanoous difference equations, one 
involving only Wi s and the other only Vi s. With the number of equations 
equal to the number of unknowns in each set. the equations can be solved. 
2. The solution of the two sets of equations gives w~s in 
terms of meridional moment and the uniform internal pressure, and vas in 
terms of meridional normal force and pressure. 
3. The axial rotation and deflection nomal to the axis at the 
boundary are next computed, using Equations [37f] and[J7g]a After the 
meridional moment and meridional normal force are evaluated from the con-
ditions of continuity, the values of the wVs and ViS can be obtained 
explicitly. 
4. The nl')rmal forces, moments and shears at various pOints are 
readily related to w's and ViS as given by Equations [37a} to [37e). 
Th~ are f:irst computed and the stresses are obtained from themo 
Ba Further approximation of the procedure. 
While the formulas of this chapter lend themselves readily to nu-
merical computations, it is possible, with experienceo to aut certain 
corners in the work a In particular, the formulas are much simplified if 
we take p for instance, 
1. Spherical shell 
e = f = 2 q q 
2. Conical shell 
e = 2, f = 2q ... 1 q q 
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3. Toroidal shell 
~= i = 2 q 
hp = ap + ap+l 
j = q a 1 + a q- q 
4. Flat circular head. 
c = d = 1. q q 
These approximations prove to be reasonably good if the mesh is 
sufficient~ fine. The.r are not recommended for general use until e~ 
perience has been acquired in problems by the straightforward numerical 
method outlined in the previous sections. 
O. Accuracy of t he method. 
Although the accuracy of this procedure depends to a certain ex-
tent on the fineness of the meSh, results sufficiently accurate for 
engineering purposes m~ be obtained with a coarse network requiring 
only a moderate amount of labor. To be specific, it is shown that, in 
general, a set of approximately ten point s along the meridian provides 
accuracy sufficient for most purposes. ~"he computation of coefficients 
~ 
for these equations, the solution of the equations themselves (with the 
aid of a desk calculator), and the computation of the normal forces, 
moments and shears has required a total of approximately sixteen hours 
in each case. If a large number of problems are to be solved, the 
time requirements m~ be shortened for each problem as there will be a 
number of constants common to all the problems which need not be re-
computed each time. 
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V. COMPARISON OF ME"~HODS OF SOLUTION. 
18" Statement of the Test Problem 
Before proceeding with the analyses of specific types of pressure 
vessel heads by means of the numerical procedure developed in the preced-
ing chapter, the accuracy of the method is here examined through a. com-
parative study of the spherical head, analyzed by three different methods. 
First g the classical analysis based on the Love-Meissner equations is con-
. sidered a.s an "exact II solution. Next ~ an approximate solut ion is sought 
by neglecting some of the terms of the governing differential equations as 
suggested by Geckeler. Lastly, a numerical solution is obtained by the 
finite difference methodo 
The vessel under consideration consists of a cylindrical shell with 
a spherical ,segment at each end. It is subjected to a uniform internal 
pressure of 100 psi. 13 The choice of dimensions in this and the other 
numerical examples in the next chapter has been notivated by a. desire to 
compare the results with possible future tests of model size vessels o The 
thicknesses of the cylindrical shell and the spherical heads are taken to 
be different in this case. The dimensions are given as follows~ (See 
Figo 3A) 0 
1. Spherical head 
th = 1/4 in., p = 14 in., 
2. Cylindrical shell 
t = 3/8 in.~ R = 7 in. 
c 
The material from which the vessel is constructed is assumed to have the 
following mechanical properties~ 
6 E = 30 x IO J? si • 
)J- = 1/3 
These are reasonable values in practice and resemble the properties of 
structural steel. The quantity E is needed only in the computation of 
deformations and is immaterial as far as stresses are concerned if the 
heads and the cylindrical Shell of the vessel are made of the same mater-
ial as is assumed hereo 
13. We need not~ of course, adopt a specific value of pressure. All 
normal forces~ ~oments and shears will be proportional to P in the 
elastic range and P can therefore be carried as a common factor. 
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The classical solution of this problem is well known. It is repro-
duced in Appendix II of this report for the sake of completeness as is the 
approximate solution due to Geckeler. Only the method of finite differ-
ences is explained in detail in the illustrative example of this chapter~ 
It is appreciated that the results of this numerical example Should 
not be used as the basis of general conclusions as to the relative accur-
acy of these methods. Many factors may affect the final accuracy and all 
of them can not be included in a single example. 
19. Illustrative Example of the Method of Finite Differences 
The numerical example given in this section has b~en worked out by 
the method of finite differences developed in the preceding chapter. In 
selecting the meSh size for the application of the numerical procedure in 
this case, 12 divisions have been chosen. The point for which n = 0 is at 
the crown; n = 12 at the head-to-shell juncture 0 ~nis simply means 
~ = 2.50 for An = 300 • 
The first step in the application of t~e method is to derive the 
simultaneous difference equations by substituting proper numerical values 
into the formulas developed in Secti on 1:;' Wi th n = 0 as given in Equa-
o 
tion [38], the algebraic relationships at points n = 1 and n = 2 can be 
obtained from Equations [39] and are as follows: 
= 0 
- 4.9339 "1 + 6.8981 112 - 4.2671 Tl3 + n4 = o. 
Those for the intermediate points from n = 3 to n = 9 inclusive are ob-
tainable from Equations [35]. 
+ "1 - 402671 112 + 6.4538 113 - 4.1264 Tl4 + 115 = 0 
+ "2 - 4.1264 il} + 6.3032 Tl4 - 4.0731 il5 + n 6 = 0 
+ il3 - 4" 0731 il4 + 6.2345 Tl5 - 4.01.1-70 116 + n7 = 0 
... 114 - 4.0470 "5 + 6.1973 i16 - 4.0323 "7 ... "8 = 0 
+ 115 - 4.0323 116 + 6.1752 117 - 400232 n8 + Tl9 = 0 
+ il6 - 4.0232 117 + 6.1607 Tlg - 4.0152 Tl9 + 1110 = 0 
+ "7 - 4.0152 11g + 6.1508 Tl9 - 4.0130 1110 + n1l : o. 
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The equations for points n = 10 and n = 11 are represented by Equations 
[41] ~ 
+ ng - 4.0130 n9 + 6.1438 n10 - 3·0099 nIl = 
- 2.2038 x 10-3 M + 0.6732 x'10-3 Q 
+ n9 - 4.0099 n10 + 3·1309 n11 = 
+ 4.4076 x 10-3 M - 2.6926 x 10-3 Q., 
We now have 11 equations in the 11 unknowns nl , n2, ••.• nlO ' nIl. The 
constant term vaniShes from these equations except for the equations 
written for the edge points 10 and 110 These two equations have constant 
terms linear in the edge moment M and the edge shear Q. Setting M = 
1,000 and q, = 0, the equations Call be solved by any one of a number of 
routine methods.. One procedure which has been found satisfactory is 
14 ' 
the Doolittle or Gauss method which has been used with the aid of a 
deSk calculatoro Then we obtain as follows: 
n1 = - 0.013253 
112 = - 0.046541 
n3 = - 0.101409 
n4 = - 0.177067 
115:;:: - 00 261517 
116 = --- 0.321011 
Tl7 = - 00288504 
ng = - 0.05522.9 
119 = + 0.;26481 
Tl lO- + 1.614474 
il11= + 30307355. 
14. For the method of solution, see ~The Mathematical Solution of Engineer-
ing 'Problems" by M. G. Sa1vadori, with a collection of problems 
by K. S. Miller. McGraw-Hill, Inc., New York, 1949, p. 124. 
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Setting M = 0 and Q, = 1,000, the solution is repeated. 
nl = + 0.016965 
Tl2 = + 0.053085 
il3 = + 00097784 
il4 = + 0.134771 
115 := + 0.134598 
'16 = + 0.049148 
il7 = - 0.189091 
118 = - 0.657115 
119 = - 1.412445 
il ........ = - 2.432863 
-J.,U 
ill1= - 3.524766. 
The two sets of solutions directly give each of ill' il 2 , •.••• il11 as lin-
ear functions of M and Q. i'or examp1e~ 
ill = (- 0&013253 M + 00016965 Q) x 10-3 
il2 = (- 0.046541 M + 0,,053085 Q) x 10-3 
and so on. Lastly, the quantities il12 and "13 can also be expressed in 
terms of M and Q, by substituting the values of "11 into Equations [40J. 
"12 = (+ 5.511155 M - 4.197865 0) x 10-3 
Tl13 = (+ 7· 714955 M - 3 .. 524766 Q) x 10-3• 
The next at ep is to obtain CL ~:i:ld a at the head-to-shell juncture. 
These quantites are given by Equations [37£J and [37g] as follows: 
8 = h 
To find o,h' we simply substitute the value of il12 into the proper equa.-
tion. The solution for 8h involves first the determination of (Nm)12 and 
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It is shown in Equations [3TbJ and [43J that 
(Nm)12 = Pp!2 + (~)12 (cot 300 ) 
-1 (Nc )12 = Pp!2 + (~) [3(~)12 - 4(~)11 + (~)10J 
and from Equation (37aJ 
(~)12 = W12~-2 (nIl - 2.00398 n12 + n13J 
(~)11 = w11~-2 (nlO - 2.00496 nIl + n12J 
(~)10 = wll~-2 [n9 -2.00626 nlO + nIl] • 
Since n9, n10, nIl' n12 and nl3 are readily expressed in terms of M and 
Q, the quantities ~ and 6h can also 'be expressed in the same w8f/. 
The expressions for ~ and 6h f or the spherical-segment head, in 
terms of the edge moment and Shear,are found to be as follows: 
where 
a, = Dh-
1 ( + 1.527600 M - 1.163606" Q) 
h 
Bh = Dh-
1 (- 0.507735 M+ 0.748347' Q,+ 19.140625) 
~= H/2 - 303.1105. 
The solution for cx, and B for the cylindrical shell is given by 
c c 
Equations [27] in Chapter III as follows: 
~ = D -1 ( - 1.267855 M - 0.803733 H) 
c c 
6
c 
= Dc-
1 ( - 0.803733 M - 1.019017 H + 53.833008 ) . 
From the conditions of continuit.1 at the juncture, we have cx,h = ~c 
and 6h = 8c • Solving for M, ~ and H, 
M = - 134.4785 in.1b./in. 
Q, = - 162.3410 
H = + 281.5390 
Ib./ in. 
lb.! in •• 
The last step is to find the numerical values of the n's by sub-
stituting the above values of M and ~into the solutions of the simul-
taneous equations. Then, the normal forces, moments and shears at 
various points are obtained by Equations [37]0 
20. Comparison of Results by Different Methods of Solution 
The results of the analysis by three different methods of solution 
are given in tabulated form.~ The normal forces, momenta and shears ·at 
various point 9 on the spherical head. are summarized in Table l~ The 
total stresses (direct plus bending) ~e been computed as multiples of 
the membrane stress and are given in Table lB. These computation results 
are also plotted in Figs. 6A to 6Eo While the results given by Geckeler l s 
approxtmate solution do not differ greatly from those of the classical 
solution, they are inferior to those obtained by the numerical method. 
It is to be noted in Fig.6A that Geckeler 2 s approximate the~ry as-
sumes the normal force in the meridional direction to be uniform throi,lgh-
out the head. This assumption would be nearly correct if the meridian 
were continuous from the cylindrical shell to the head at the head-to-
she11 juncture (eog o as in a hemispherical head), but in the present ex-
amp~e, it is in error. For the normal force in the circumferential di-
rection J the results of the three different methods very nearly coincideo 
For the moments in both meridional and circumferential directions, 
the results ,of G~ckeler's approximate solution show discrepancies at vari-
ous points When compared with those of the classical solution, as shown in 
Figo 6Bo The shears obtained by the three different methods agree very 
closely. (Jig. 60). 
The total stresses (direct plus bending) at the outer and inner sur-
faces of the vessel are plotted in Figs. 6D and 6E..They are given in 
ter.ms of multiples of the membrane stress~ Againp the results obtained by 
the finite difference method are close to those of classical solution. The 
greatest advantage of the numerical method over Geckelerss approximation is 
that its accurae.1 does not depend on the thickness of the head, Whereas in 
the latter, the terms neglected in the governing differential equations 
wil~ have more effect in thicker Shells than in thinner shells. 
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T.Al3LE 1. 
COMPARISON OF RESULTS OBTAINED BY DIFFERENT METHODS OF 
SOLUTION FOR A SPHERICAL HEAD. 
A. NORMAL FORCES, MOMENTS AND SHEARS AT VARIOUS 
POINT S ON TEE SPEER I CAL HEAD. 
Method of Point N N M M ~ Solution m c m c lb./ in. 1b./ in. in.1b./in. in.1b./ino Ib./in. 
0 +738.90 +738.90 
-
2025 
-
2.25 0 
1 +741.49 +744002 
-
1.84 
-
2.15 + 1.81 
Classical 2 +744.93 +753.80 - 1.06 - 1.82 + 3·93 3 +749.54 +764.50 ... 1·59 - 0.27 + 6.52 4 +753.54 +766.90 + 5.65 ... 2 .. 08 + 9.44 
5 +754.25 +746.45 + 11 .. 12 + 5.26 ... 12.03 
Analysis 6 +748.09 +684.20 + 17 .. 40 ... 9 .. 02 + 12.89 7 +730.84 +557« 92 + 22.82 ... 12065 + _ 9. 72 
8 +701.74 +352042 + 24.43 + 14.85 - -0.63 
9 +647.16 + 65.48 + 17.10 ... 13 .. 32 - 21.89 
10 +578.45 -279.97 """ 7.68 + 4060 ..., 56.68 
11 +497.82 -538.41 - 52.76 
- 13.36 -1°5.25 
12 +420.93 -558.43 -128023 - 44.93 -161.12 
0 +700000 +708.48 
-
0.10 
-
0.03 
-
0.30 
1 +700.00 +718 .. 81 + 0.07 + 0.02 + 0.19 
2 +700000 +733·32 + 1031 ... 0045 + 1.28 Approximate 3 +700.00 +749. 03 + 2.78 + 0·93 + 3.07 
4 +700.00 +758 .. 81 + 4.69 + 1.,56 + 5·57 
5 +700.00 +751 .. 02 + 6.60 + 2.20 + 8 .. 40 
Solution 6 +700.00 +706 .. 33 ... 7053 + 2051 + 10051 
7 +700 000 +599·19 + 5.68 + 1.89 + 9·77 
8 +700 .. 00 +405.55 - 1.57 .- 0·52 + 2.90 
9 +700.00- +115·81 - 17047 - 5·82 - 14.44 
10 +700.00 -242.84 - 44.83 
- 14·94 - 46.73 
11 +700 .. 00 -590068 
- 83·35 - 27 .. 78 - 96.39 
12 +700.00 -657. 53 -130.23 - 43. 41 -159.94 
0 +696031 +696 .. 31 
-
2.00 
-
2.00 0 
1 +718.00 +739·71 - 1.56 - 1 .. 85 + 0.79 
Numerical 2 +739.61 +761.48 - 0 0 47 - 1029 + 3.47 3 +746 .. 72 +763.21 + 2 .. 02 ... 0.09 + 6.15 
4 +750 .. 94 +760.24 <+ 5093 + 2.30 + 8·98 
Method 5 +751 .. 46 +736.00 + 11.17 + 5 .. 33 + 11.41 
6 +745 .. 25 +671064 + 17 .. 11 + 8·91 + 12.12 
7 +728 .. 33 +546.54 + 22.25 + 12·38 ... 8.93 
g +696.52 +341.58 <+ 23.16 + 14.39 - 1.27 
9 +646.05 + 58.64 + 15. 09 ... 13.22 - 22·35 
10 +577025 -260026 - 9 .. 03 + 4.29 - 57.24 
11 +496 .. 09 -5020 09 - 56.91 - 14.49 -106.15 
-12 +419 .. 16 
-69° .. 89 -134.48 - 46.54 -162.34 
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TA:BLE 1. 
C OMP ARI SON OF BE SULT S OBTAINED BY DIFFERENT METHODS OF 
SOLUTION FOR A SPHERICAL HEAD. 
:B. TOTAL STBESS, DIRECT AND BENDING, AT VARIOUS 
POINTS ON TEE SPHERICAL HE.AD. 
Method of Point Total Stresses, as Multiples of Membrane Stress 
Solution (0) (J (0) (i ) (i) (J (] (] 
m c m c 
0 + 0.979 + 0·979 + 1.133 + 1.133 
1 + 0.996 + 0·989 + 1.122 + 1.137 
2 + 1.028 + 1.014 + 1.100 + 1.140 
Classical 3 + 1.126 + 1.083 + 1.016 + 1.101 
4 + 1.270 + 1.167 + 0.882 + 1.025 
Analysis 5 + 1.458 + 1.246 + 0.696 + 0.886 
6. + 1.666 + 1.286 + 0.472 + 0.668 
7 + 1.826 + 1.231 + 0.262 + 0.363 
8 + 1.840 + 1.012 + 00164 - 0.004 
9 + 1·511 + 0·552 + 0·339 - 0.363 
10 + 0.563 - 0.242 + 1.089 
- 0·558 
11 - 1.098 - 1.227 + 2.520 - 0·311 
12 
- 3.798 - 2.,338 + 5. 000 + 0.742 
0 + 0.997 + 1.011 + 1.003 + 1.013 
1 + 1.002 + 1.028 + 0·998 + 1.026 
Appr oximat e 2 + 1.045 + 10064 + 0·955 + 1.032 
3 + 1.095 + 1.102 + 0.905 + 1.038 
4 + 1.161 + 1.138 + 0 .. 839 + 1 .. 030 
5 + 1.226 + 1.148 + 0.774 + 0.998 Solution 6 + 1.258 + 1.095 + 0.742 + 0.923 
7 + 1.195 + 0.921 + 0.,805 + 00791 
8 + 0.946 + 0.561 + 1.054 + 0.597 
9 + 0.401 - 0.035 + 1.599 + 0.365 
10 
- 0.537 - 0 .. 859 + 2.537 + 0.165 
11 - 1.858 - 1.797 + 3·858 + 0.109 
12 - 3 .. 465 - 2,,427 + 5. 465 + 0.549 
0 + 0.926 + 0.926 + 10064 + 1.064 
1 + 0·972 + 0~994 + 1.080 + 1.120 
Numerical 2 + 1.041 + 1.044 + 1.073 + 1.132 
3 + 1.136 + 1.120 + 0·998 + 1.060 
4 + 1.276 + 1.165 + 0.870 + 1.007 
~ + 1 .. 457 + 1.2~4 + 0.6q1 + 0.868 
./ 
+ 10264 + 0.478 Method 6 + 1.652 + 0.654 
7 + 1.803 + 1.206 + 00277 + 0.356 
8 + 1.789 + 0·981 + 0.201 - 0 .. 005 
9 + 1.440 + 00537 + 0.406 - 0.369 
10 + 0.515 - 0.225 + 1.135 - 0.519 
11 - 1.242 - 1.214 + 2.660 - 0.220 
12 - 4.012 - 20583 + 50210 + 0 .. 609 
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VI. NUMERICAL ANALYSES OF VARIOUS TYPES OF PRESSURE VESSEL BEADS. 
21. Dimensions of the Pressure Vessel Heads 
The purpose of the numerical analyses of various types of heads is 
twofo1d: firstly, to ill~strate the applica.tion of the numerical procedure 
developed in Chapter IV and second1yp to compare the stress distribution 
in various types of pressure vesa-el headsD The vessels to be compared axe 
taken to be made of plates of the same thickness. They are subjected to a 
uniform internal pressure of leo psi. The material from which these ves-
sels are constructed is assumed to ha.ve the following mechanical proper-
ties: 
E= 6 30 x 10 psi. 
1/3 
As previously noted, these are reasonable values in practice and resemble 
the properties of structural steel. The quantity E is needed only in the 
compntation of deformations and is immaterial as far a.s stresses are con-
cerned if the head and cylindrical shell are made of the same material 
/ 
as assumed in these examples. 
The dimensions of the cylindrical shells; to which the various types 
of heads are attached, are identical. The dimensions of the vessel heads 
are given as follows: (See Fig. 3). 
1. Spherical head 
t = liS in., R = 7 in. 
¢h = 30°, p = 14 in., 
20 Conical head 
t = lIs in., R = 7 in. 
10 = 600 t S = 7 csc Yo in. 
30 Torispherical head 
t = lIs in., R = 7 in. 
n = rh- ~OO ~ ~- '1/ Pk = 60
0
, 
P = 11 in., K = 3 in., A.= 4/3 
4. Toriconical head 
t = lIs in. t R = 7 in. 
Ph = 30°, Yo = f\ = 60° 
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x = 3 in., A= 4/3 
5. Hemispherical head. 
t = l/S in., R= 7 in. 
Ph '= 90°, P = 7 in. 
6. Flat circular head 
t = l/S in., R= 7 in. 
22. Analyses of Six Types of Heads 
The numerical procedure developed in Chapter IV provides directly 
the normal forces, moment s and shears in the vessel heads. An example 
of this computation has been given in detail in the preceding chapter. 
Here, only the final results of analyses are shOlm in tabulated form. 
(Tables 2 to 7). The total (direct plus bending) stresses are computed 
from the resultant normal forces and moments and the shearing stresses 
from the resultant shears. 
In selecting the mesh size for the application of the numerical 
procedure to various types of heads, the number of points has been cho-
sen with a view not only of providing the necessary accuracy but also 
of facilitating the computation of the coefficients of the difference 
equa.tions. This simply means ll for eX8lt.l'le, that the number of mesh 
points on the toroidal knuCkle of torispherical head is taken to be an 
int egral divisor of the total meridian angle subtended by the knuckle. 
The total stresses and the shearing stresses are obtained for these 
points. In the cylindrical shell, for whiCh the uexact" solution is well 
known, stresses are computed by means of this solution at arbitrary regu-
lar intervals along the shell from the juncture toward the center of the 
shell until the local effect of bending moments and shears disappears 
and the stresses reduce to membrane stresses. 
While the di stances along the cylindrical shells of the vessel s are 
measured from, the juncture at increments of II = 1/2 in., the size of 
mesh for various types of heads is gummarized as follows: 
1. Spherical head 
o II = 2.5 , 
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The point n = 0 is at the crown; n = 12 at the head-t.-
shell juncture. 
2. Conical head 
6. = 0/2) esc ~ in •• n = 14 (s = 7 csc ~o in.) 
The point n = 0 is at the apex; n = 14 at the head-to-
shell juncture. 
3. Tori.spherical head 
a. spherical head proper 
6. = 2.5°, n = 12 (~h = 30°) 
The point n = 0 is at the crown; n = 12 at the head-
to-knuckle juncture. 
b. Toroidal knuckle 
6. = 5°. n = 12 (Pk = 60°) 
The point n =.12 is at the head-to-knuckle juncture; 
- n = 24 at the knuckle-to-shell juncture. 
4. Toriconical head 
a. Oonical head proper 
~ = (1/2)csc Yo in., n = 11 (s = 5 .. 5 c sc Y: in.) o 
The point n = 0 is at the apex; n = 11 is at the 
head-to-knuckle juncture. 
b. Toroidal knuckle 
~ = 5°, n = 12 (Pk = 60°) 
The point n = 11 is at the head-to-knuckle juncture; 
n = 23 at the knuckle-tc-shell juncture. 
5. Hemispherical head 
~ = 5Q , n = 18 (Ph = 90°) 
The point n = 0 is at the crown; n = 18 at the head-
to-shell juncture. 
6. Flat circular head 
6. = J/ 2 in D , n = 14 (R = 7 in.) 
The point n = 0 is at the center of the head; n = 14 
at the head-to-shell juncture. 
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23. Compari son of Results f or Various Types of Heads 
The general patterns of stress distribution in various types of heads 
ere plotted from the results of the total stresses (direct plus bending' 
stress) for the purpose of comparison. They are shown in Figso 7A to 71. 
The stresses at 7oxious points along the meridian of each vessel are plot-
ted on the normals to the middle surface at those pointso Stresses plot-
ted. outside the contour of the vessel ar~ tensile; those inside the contour 
represent compressive stresses. 
While the results for spherical and conical heads (Figs. 7A and TB) 
reveal that the critical stresses occur at the head-to-shell juncture, 
these stresses are of a localized characteTo A factor which may reduce 
this high stress concentration is the commercial practice of 11streamliningtr 
spherical and conical heads by the replacement of sharp corners with round-
ed £illets. This is borne out by a comparison with the'torispherical and 
toriconical heads (Figs. 70 and 70). Also, the stress concentration at the 
juncture is partly relieved after the material reaches its yield strength 
in that localityo The theoretical analysis, in the end, gives a qualita-
tive rather than a quantitative overall picture of the stress distribution 
in this case o 
In the tori sPherical and toriconical heads, the stress concentration 
at the junctures has been partly reduced by the introduction of toroidal 
k:nu.ckles e Although there exist peaks in the stress patterns along the 
knuckles. the order of m~itude of stresses in the head proper and in the 
knuckl.e in each case is very nearly the same. It should be pointed out that 
the'~ tori spherical head has been frequently used to approximate an pIlip-
soidal head. The distribution of stress in these two types of head dif-
fers somewhat t in theory; due to the basic difference in the geometrical 
properties (i.e. due to the theoretical sharp change in radius of curvature 
in one case and not in the other). but the magnitudes of the critical 
stresses for the two types of heads are known not to differ greatlyo Since 
the ellipsoidal head has a. gradually cha::l.ging radius along the meridisn g 
it can be expected that the variation of stress along the ellipsoidal head 
will be smoothe~ without the peaks which exist in the stress pattern along 
the torispherical head. Oommercially fabricated dished heads are usually 
neither in the form of a true ellipsoidal head nor a true torispherical 
head, but rather some combination of the two. After a period of service 
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under internal. pressure, however, it seems natural to infer that even a 
true tori spherical head will gradually deform into an ellipsoidal shape. 
Since engineers are primarily interested in the critical stresses, the 
differences in the distribution of stress due to these slight changes in 
sha.pe do not materially affect the design. 
The hemispherical head shows a ver,y smooth pattern of stress dis-
tribution both in meridional and cir~erential directions. (Fig. 71). 
Of the types of, heads examined, it is the only one for which bending 
moment a.nd shearing force at the juncture do not play an important part 
in influencing the cri tical stress. Thi s type of head, however, is not 
particularly desirable from the standpoint of fabrication or economy. 
The flat circular head is seen to introduce large bending stresses 
at the center as well as at the juncture of the head. (Fig. 7F). The 
stresses obtained for an internal pressure of 100 psie far exceed the 
yield strength of the material in some localities. The example given 
here is intended to compare various types of heads of same thickness 
and 11nder same losd~ In the case of a thicker head: these high bending 
stresses can partly be reduced. Increase of the thickness of a flat 
circular head should introduce no complication in analysis or in fabri-
cation. In spite of thiS, the stress concentratio'n at the head~to-shell 
juncture would probably still be high enough to discourage, the use of 
this type of he~o 
'., 
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TABIJl 2 .. 
STRESSES IN SPHERICAL HEAD OF PRESSURE VESSEL. 
Part of Point Total Stresses in pSi. Shearing 
Vessel (0) (0) a (i) (i) Stresses a a 
°c in p'si. m c m 
l' 
0 +,5,553 + 5,553 + 5,629 + 5,629 
° 1 + 5,383 + 5,412 + 5,651 + 5,620 55 
Spherical 2 + 5,318 + 5,434 + 5,776 + 5,770 70 3 + 5,256 + 5,457 + 5,892 + 5,929 51 
4 + 5,327 + 5,608 + 5,911 + 6,128 + 51 
5 + 5,740 + 5,966 + 5,640 + 6,256 + 30 
Head 6 + 6,766 + 6,648 + 4,792 + 6,156 + 72 
7 + 8,739 + 7,059 + 3,031 + 4,907 + 135 8 +10,885 + 7,290 + 763 + 2,872 + 122 I 9 +12,249 + 5,741 833 615 + 67 10 + 9,359 + 361 + 1,053 - 5,275 275 11 
- 3,761 - 9,516 +12,431 - 6,790 988 f 12 
-33,911 -26,216 +40,317 - 1,554 - 2,076 ~ 
; 
0 -34,314 -26,398 +39,914 - 1,656 + 3,124 
1 628 
- 9,839 + 6,228 - 7,553 + 1,213 
Oylindrica1 2 + 9,855 + 1,881 - 4,255 - 2,823 + 175 3 + 9,204 + 6,679 - 3,604 + 2,409 164 
4 + 5,929 + 7,296 329 + 5,196 185 
5 + 3,659 + 6,688 + 1,941 + 6,116 99 
Shell 6 + 2,662 + 6,013 + 2,938 + 6, 105 31 
7 + 2,475 + 5,652 + 3,125 + 5,868 + 1 
8 + 2,581 + 5,521 + 3,019 + 5,667 + 9 
9 + 2,711 + 5,535 + 2,889 + 5,595 + 7 10 + 2,788 + 5,566 + 2,812 + 5,574 + 3 
11 + 2,800 + 5,600 + 2,800 + 5,600 0 
12 + 2,800 ... 5,600 + 2,800 ... 5,600 0 
~ 
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TA'BDD 3. 
STRESSES IN CONICAL BEAD OF PRESSUBE VESSEL. 
Part of Point Total Stresses in psi. Shearing 
Vessel 
a 
(oj a (0) (i) a (i) Stresses a in psi. m c m c 
7: 
0 902 902 + 902 + 902 0 
1 552 180 + 1,342 + 1,784 - 4 
2 194 + 597 + 1,796 + 2,609 + 1 
Conical 3 + 214 + 1,391 +. 2,196 + 3,393 0 4 + 578 + 2,156 + 2,630 + 4,176 + 4 
5 + 825 + 2,879 + 3,149 + 5,009 - 12 Head. 6 + 1,,010 + 3,746 + 3,754- + 6,084 - 14 
7 + 1,438 + 4,771 + 4,210 + 7,221 + 20 
8 + 2,684 + 6,118 + 3,890 + 8,082 + 75 
9 + 5,168 + 8,008 + 2,380 + 8,404 + 150 
10 + 8,350 + 9,221 + 192 + 6,771 + 235 
11 +12,361 + 8,556 
- 3,279 + 2,892 + 122 
12 +10,892 + 4,114 - 1,864 - 1,836 - 248 
13 
- 1,490 - 4,723 + 911526 - 6,327 - 1,'024 
14 
-31,286 -24,138 +37,448 - 1,274 - 2,183 
0 -31,568 -24,244 +37,168 - 1,332 + 2,909 
1 250 - 8,739 + 5,850 - 6,705 + 1,125 
2 + 9,43° + 2,177 - 4,420 - 2,243 + 159 Cylindrical 3 + 8,774 + 6,770 - 3,174 + 2,786 - 155 
4 + 5,727 + 7,187 127 + 5,235 - 173 
5 + 3,592 + 6,613 + 2,008 + 6,085 - 92 
Shell 6 + 2,933 + 5,996 + 2,667 + 5p 908 
-
28 
7 + 2,496 + 5.643 + 3,104 + 5,845 
-
1 
8 + 2,596 + 5,537 + 3,004 + 5,673 + g 
9 + 2,718 + 5,540 + 2,882 + 5,594 + 6 
10 + 2,7g9 + 5.569 + 2,811 + 5,575 + 3 
11 + 2,800 + 5,600 + 2,800 + 5,600 0 
12 + 2,800 + 5,600 + 2,800 + 5,600 0 
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TAB IE 4. 
STRESSES IN TORISPHERICAL HEAD OF PRESSURE VESSEL. 
Part of Point Total Stresses in psi. Shea.ring 
Vessel 
a (0) (0) (i) (i) Stresses a a a in p~i. 
m c m c 
'1" 
° 
+ 4,361 + 4p 361 + 49 401 + 49401 0 
1 + 4,338 + 4,359 + 4,416 + 4,425 2 
Spherical 2 + 4,339 + 4,346 + 4,445 + 4,436 1 
3' + 4,338 + 4'ab2 + 4,458 + 4,476 ,0 
Head. 4 + 4,363 + 4, 4 + 4,499 + 4,504 + 2 
5 + 4,400 + 4,467 + 4,440 + 4,515 + 7 
6 + 4,603 + 4.560 + 4.267 + 4,478 + 14 
7 + 4,869 + 4,660 + 4,025 + 4,340 + 20 
Proper 8 + 5,208 + 4,778 + 3,692 + 4,118 + 27 9 + 5,511 + 4,548 + 3,409 + 3,548 + 29 
10 + 5,356 + 3,944 + 3,380 + 2.838 19 
11 + 4,288 + 2,927 + 49248 + 2,405 103 
12 + 1,511 + 1,088 + 6,721 + 2,474 246 
12 + 1,511 + 1,088 + 6.721 + 2~494 ?46 
13 + 523 - 1,899 + 7:493 + 349 + 19 
14 + 892 - 3,428 + 6,654 - 1,628 + 105 
Toroiclal 15 + 1,779 - 3,568 + 5,371 - 2,122 + 142 16 + 2,615 - 3,716 + 4,083 - 2,952 + 107 
17 + 3,125 - 3,167 + 3,235 - 2,885 + 56 
18 + 3,239 - 2,580 + 2,859 - 2,502 + 3 
Knuckle 19 + 2,997 - 2,081 + 2,911 - 1,947 36 
20 + 2,515 - 1,601 + 3,261 - 1,221 62 
21 + 1,972 988 + 3,720 296 57 
22 + 1,653 190 + 3,993 + 676 13 
23 + 1,920 + 977 + 3,702 + 1,621 + 81 
24 + 3,243 + 2,541 + 2,357 + 2,245 + 240 
0 + 3,243 + 2,449 
: 2$ ~~4' + 2,153 + 2~O 1 + 4,906 + 5,087 + 3,683 + 37 2 + 4,336 + 5,999 + 1,264 + 4~975 31 
Cylindrical 3 + 3,467 + 6,043 + 2,133 + 5,599 45 4 + 2,800 + 5,803 + 2,800 + 5,803 21 
5 • ,., .., c..., + 5,694 ... 2,823 .;. 5,710 
" 
'T .::., r ur 
./ 6 + 2,781 + 5,608 + 2,819 + 5,620 + 1 
Shell 7 + 2,792 + 5,604 + 2,808 + 5,607 + 2 8 + 2,798 + 5,589 + 2,802 + 5.591 + 1 
9 + 2, 799 + 5,593 + 2,801 + 5,593 0 10 + 2,800 + 5, 59~ + 2,800 + 5,597 0 11 + 2,800 + 5,600 + 2,800 + 5,600 0 
12 + 2,800 + 5,600 + 2,800 + 5,600 0 
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TAB IE 5· 
STBESSES IN TORICONICAL BEAD OF PRESSURE VESSEL. 
Part of Point Total Stresses in psi. Shearing 
Vessel a (0) a (0) a (i) a (i) Stress es 
m c m c in psi. 
:r 
° 
883 883 + 883 + 883 a 
1 550 181 + 1,340 + 1,781 4 Conical 2 197 + 595 + 111797 + 21)605 0 
3 + 182 + 1,376 + 2,214 + 3,396 2 
4 + 511 + 2,148 + 2,675 + 4,224 6 
Head. 5 + 817 + 2,957 + 3,169 + 5,1135 6 
6 + 1,287 ~ 3,911 + 3,535 + 6,105 + 9 
Proper 7 + 2,252 + 5,087 + 3,458 + 6,923 + 47 8 + 3,946 + 6,327 + 2~ 672 + 7,147 + 95 
9 + 5,996 + 7,159 + 1,438 + 6,429 + 102 
10 + 6,921 + 8,143 + 1,067 + 6,337 5 
11 + 3,322 + 2,437 + 4 i 636 + 2,561 365 
11 + 3,322 -I- 2,437 -I- 4,636 + 2,561 365 
12 + 1,431 706 + 6,387 + 806 84 
Toroidal 13 + 1,199 - 2,65° + 6,267 918 + 55 14 + 1,698 
- 3,359 -I- 5,362 - 1,977 + 101 
15 + 2,335 - 3,360 + 4,343 - 2,492 + 91 
16 -I- 2,788 - 3,041 -I- 3,568 - 2,579 + 43 
Knuckle 17 + 2,921 - 2,568 + 3,181 - 2,304 + 9 18 + 2,743 - 2,129 + 3,171 - 1 p 837 28 
19 + 2,334 - 1,670 + 3,446 - 1,174 53 
20 + 1,859 - 1,060 ... 3,835 294 50 
21 + 1,592 237 + 4,056 -I- 669 8 
22 + 1,888 + 1,052 + 3,714 + 1,052 + 85 
23 + 3,242 + 2,516 -I- 2,358 + 211222 + 241 
0 + 3,242 + 2,423 -I- 2,358 + 2,129 + 241 
1 + 4,921 + 5,082 + 679 + 3,668 4 
Cylindrical 2 + 4,347 + 6,002 + 1,253 + 4,970 57 3 + 3,472 + 5,965 + 2,128 + 5,517 45 
4 + 2,932 + 5,849 + 2,668 + 5,761 22 
Shell 5 + 2,868 + 51)723 + 2,732 + 5,677 + 6 6 + 2,887 + 5,658 + 2,713 + 5,600 + 1 
7 + 2,851 + 5,613 + 2,749 + 5,579 + 2 
8 + 2,818 + 5,596 + 2,784 -I- 5,584 + 2 
9 + 2,801 + 5,593 + 2,799 -I- 5,593 + 1 
10 + 2,804 + 5,598 + 2, 797 + 5,596 0 
11 + 2,800 + 5,600 + 2,800 + 5,600 0 
12 + 2,800 + 5,600 + 2,800 + 5,600 0 
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TABLE 6. 
STRESSES IN DMISPHERICAL HEAD OF PRESSURE VESSEL. 
Part of Point Total Stresses in psio Shearing 
Vessel (0) (0) a (i) (i) Stresses a a a in psi. m c m c 
T 
0 + 2,800 + 2,800 + 2,800 + 2,800 0 
Remi spherical 1 + 2,800 + 2,800 + 2,800 + 2,800 0 2 + 2,800 + 2,800 + 2,800 + 2~ 800 0 
3 + 2,800 + 2,800 + 2,800 + 2,800 0 
4 + 2,800 + 2,800 + 2,800 + 2,800 0 
Head 5 + 2,800 + 2,800 + 2,800 + 2,800 0 
6 + 2,800 + 2,800 + 2,800 + 2,800 0 
7 + 2,800 + 2,800 + 2,800 + 2,800 0 
8 + 2,799 + 2,800 + 2,801 + 2,800 0 
9 + 2,799 + 2,800 + 2,801 + 2,800 0 
10 + 2,800 + 2,800 + 2.800 + 2,800 0 
11 + 2,806 + 2,804 + 2,794 + 2,800 
° 12 + 2.817 + 2,805 + 2,783 + 2,793 0 
13 + 2,825 + 2,792 + 2p 775 + 2,774 0 
14 + 2,790 + 2,748 . + 2,810 + 2,748 4 
15 + 2,629 + 2,668 + 2,971 + 2,782 13 
16 + 2,279 + 2,650 + 3,321 + 3,006 23 
17 +. ~tOOl + 3,046 + 3,599 + 3,592 57 
18 + 3,047 + 4~ 111 + 2,553 + 311947 + 112 
a + 3,047 + 4,111 + 2,553 + 3p947 + 112 
1 + 3,817 + 5,367 + IJ783 + 4,689 + 1 
2 + 3,533 + 5,795 + 2,067 + 5,307 27 
Cyl indrica,1 3 + 3,115 + 5,812 + 2,485 + 5~ 602 21 4 + 2,860 + 5,717 + 2,740 + 5»677 10 
5 + 2,767 + 5,637 + 2,833 + 5,659 2 
6 + 2, 758 + 5,599 + 2,842 + 5,627 + 1 
Shell 7 + 2,776 + 5,590 + 2,824 + 5,606 + 1 8 + 2,792 + 5,592 + 2,808 + 5)598 0 
9 + 2,800 + 5, ~97 + 2,800 + 5,597 a 10 + 2,802 + 5, 00 + 29798 + 5p598 0 
11 + 2,800 + 5,600 + 2,800 -I- 5,600 0 
12 + 2,800 + 5,600 + 2,800 +. §r 600 0 
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TABIE 7. 
STRESSES IN FLAT CIRCULAR HEAD OF PRESSURE VESSEL. 
Part of Point Total Stresses in psi. Shearing 
Vessel - a Co) a (0) a (i) a (i) Stresses 
m c m c in psi. 
T 
0 +179,502 +179,502 -166,870 -166,870 - 0 
1 +177,399 +178,000 -164,767 -165,368 - 300 
Flat 2 +170,751 +174,050 -158,119 -161,418 - 600 3- +162,138 +168,581 -149,506 -155,949 - 900 
4 +145,086 +153,616 -132,454 -146,384 - 1,200 Circular 5 +123,318 +146,216 -110,686 -133,584 - 1,500 
Head 6 +105,915 +135,243 - 93,28} -122,611 - 1,800 7 + 75,354 +118,543 - 62,720 -1°5,909 - 2,100 
8 + 49,547 +101,485 - 36,913 - 88,851 - 2,400 
9 + 18,215 + 81,967 - 5,581 - 69,333 - 2,700 
10 - 22,805 + 58,139 ... 35,439 - 45,505 - 3,000 
11 - 61,511 + 34,032 + 74,145 - 21,398 - 3,300 
12 -111,162 + 5,197 +123,796 + 7,437 - 3,600 
13 -175,550 - 23,420 +188,182 + 36,052 - 3,900 
14- -215,488 - 57,318 +228,118 ... 69,950 - 4,200 
0 -219t 004 - 64,424 +224,604 ... 79,444 .;. 9,477 
1 - 86,201 
- 63,537 ... 91,801 
- 4,2°3 + 6,648 
2 
-
8,781 - 28,402 ... 14,381 - 20,682 + 2,858 Cylindrical 3 + 16,416 - 3,089 - 10,816 - 12,167 + 571 
4 + 16,024 + 6,874 - 10,424 - 1;942 - 320 
5 + 9,830 + 9,020 - 4,230 + 4,334 - 382 
Shell 6 + 4,905 + 7,933 .... 695 + 67 529 - 220 7 + 2,666 + 6,557 + 2,934 + 6,647 - 75 g 
... 2,167 .;- 5,759 + 3,444 .;- 6,189 2 
9 + 2,334 + 5,481 + 3,266 + 5,791 + 17 
10 + 2,600 + 5,460 + 3,000 + 5,594 ... 14 
11 + 2,800 + 5,600 ... 2,800 + 5,600 
° 12 + 2,800 + 5,600 ... 2,800 + 5,600 0 
FIG. 7 
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VII. CONOLUSION. 
240 Summary 
The preseut investigation has developed a numerical method which 
can be used to analyze the state of stress in pressure vessel heads. 
While it is approxima.te in the sense that Ithe governing mathetlaticel equa-
tions are se.tisfied only in finite difference form, i.t has the merit of 
simplicity and of directly providing numerical values of normal forces, 
momenta and shears needed in design • 
. A. The numerical procedure. 
The first step in the solution of the governing differ-ential aq-u.~ 
tions-for Shells of various Shapes by the method of finite differences 
consists in replacing the differential coefficients by finite difference 
analogues which are simply algebraic relationships between the values of 
the dependent variables at points on the middle surface of the shell. 
There results a set of simultaneous algebraic equations, one equation for 
each point of a mesh. The unknowns in this set are the wanted. quanti-
ties from which m~ be derived the values of the normal forces, bending 
moments and shears. 
While the accuracy of this procedure depends to a certain extent 
on the fineness of the mesh, results sufficiently accurate for engineer-
ing ~poses may be obtained with a coarse network requiring only a moder-
ate amount of lahore To be specific, it is show.n that, in general, a set 
of approximately ten point s along the meridian provides Mlmra.cy sufficient 
for most purposes. The computation of the coefficients for these eqna-
tions, the solution of the equations themselves (with the aid of a desk 
calculator)~ and the co~putatian of the normal forces, moments and shears 
has required a total of approximately sixteen hours in each case. 
For the family of curved surfaces which includes spherical, coni-
calt and toroidal shells; the governing differential equations are sim-
plified by the introduction of a pair of new variables. The flat circu-
lar head closing a cylindrical pressure vessel is a special member of this 
classa Its analysis has been included for the purpose of comparison in 
spite of the fact that the ~e:x:acttt solution for this case is relatively 
simple. 
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The principal difficulties which arise in connection with the fore-
going procedure lie in the treatment of the boundary conditions. These 
difficulties are overcome through the introduction of fictitious points of 
the mesh. Although this" idea is well known, the technique of its system-
atic application to the analysis of pressure vessel heads is believed to 
be presented here for the first time. 
B. Analyses of six types of heads. 
The numerical procedure here developed. has been applied to the solu-
tion of different types of pressure vessel heads including: 
10 Spherical. head. 
2. Oonical head 
3. Torispherical head 
4. Toriconical head 
5· Hemispherical head 
6. Flat circular head 
The purpose of these numerical analyses is twofold: firstly, to illustrate 
the application of the procedure, and secondly, to compare the stress dis-
tri~ution in various types of pressure vessel heads o The results of the 
analyses are given in terms of total stresses (direct plus bending stress). 
The general patterns of stress distribution in various types of heads are 
plotted for the purpose of comparison. 
The results for spherical and conical heads reveal that the critical 
stresses occur at the head-to-Shell juncturep but these stresses are shown 
to be of a·localized character. The introduction of knuckles as in tori-
spherical and tor·iconical heads is shown to release part of this stress 
concentration.. Of those examined p the hemispherical h·ead is the only case 
in which bending moment and shearing force at the juncture do not play an 
important part in influencing the critical stress. The flat circular 
head is shown to be accompanied by large bending stresses. While the 
stresses in the cylindrical shell are also high at the j1.IDcture for this 
type of head, thew decrease rapidly to membrane stresseso 
Co Oomparison of methods of solution. 
A spherIcal-segment head. has been chosen as a test problem o The 
classical an81ysis based on the Love-MeissLer equations is considered as 
en 1Ie3act II solution. Then, an apprommate solution is sought by neglect-
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ing some terms of the governing differential equations as suggested by 
GeCkelero Lastly, a numerical solution is obtained by the finite dif-
ference methodo 
It is appreciated that the results of this numerical example should 
not be used as the basis of general conclusions as to the relative accur-
acy of these methods. Many factors may ~fect the final accuracy and all 
of them cannot be included in a single example. 
Although the results given by Geckeler1s approximation da not differ 
greatly from those of the classical solution, they are inferier to those. 
obtained by the numerical method. The greatest sdvantage of the numerical 
method over Geckeler's approximation is that its accuracy does not depend 
on the thickness of the head,whereas in the latter, the terms neglected 
in the governing differential equations will have more effect in thicker 
shells than in thinner shells a 
25. Ooncluding Remarks 
The method developed in this report is a numerical technique of 
wiele applicability in the analysis of pressure vessel heads. It can be 
applied to many practical design problems with an accuracy and speed 
which make it attractive for engineering purposes. At the same time, all 
the essential sources of stresses in a vessel (membrane stress, bending 
stress B-l1d shearing stress) are retained in the Bnalysis. Although the 
examples cited are confined to pressure vessels under internal pressure, 
the method is equ.al.ly applicable to vessels subjected to uniform exter-
nal pressure. The buckling Phenomena which msy occur in the latter 
case are, however p outside the scope of this work. 
To a certain extent, the procedure is analogous t~ the finite dif-· 
fe~ence method which has long been applied to the solution of flat plate 
design problems. In fact, the circular head closing a cylindrical pre&-; 
sure vessel is considered in detail as a special case. In general, 
however, the curvature of the middle surface introduces complications& 
the solution of Which is carefully explained. This numerical method is 
capable of extension to the case of pressure vessel heads of variable 
thickness. In the extension, of courseD several terms .must be added to 
the governing differential equations for Shells of uniform thickness. 
In dealing w~th this type of ·problem. m~erical solutions can be obtained 
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by considering the average thickness of the head in each division of the 
mesh to be uniform. This numerical solution, while clearly not exact, 
would have the advantage of being applicable to mM.y problems for which 
classical solutions have not been heretofore available. Further exten-
sion along this line will require a more thorough investigation. 
While the analysis in this report is based on the general theory 
of thin elastic shells, some prelimina~ consideration has been given to 
the phenomenon of plasticity. This line of approach is still in an imma-
ture stage and has not been reported herein. Recently, the modification 
of Geckeler's approximation for presgure vessel analysis through the in-
troduction of considerations based on a theory of plasticity has been 
suggested by F. K. G. Odqvist (81). In view of the complIcations intro-
duced by the consideration of plastic behavior, it has seemed to be 
desirable to limit the present discussion to the elastic case. 
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APPENDI~ I. ANNOTATED BIBLIOGlW'HY. 
1. Brief Review of Literature 
This brief review is intended as a general survey rather than as 
a critical study of the references listed in the bibliography. Only 
those references most important for the purposes of this report are men-
tioned explicitly. 
A. Early works on thin elastic surfaces. 
Work on this problem can be traced back to Navier (1,2) Whose 
memoir on elastic plates inspired the prize paper of Germain (4, 5) and 
the elaborate study of Poisson (6) on thin elastic shells. The general 
concepts of these early works are invaluable, but the treatments of the 
problem in these memoirs are incomplete and sometimes erroneous. It was 
Lam~ and Clapeyron (8) who first threw light on the limits of internal 
pressure which could be applied to metal vessels. In addition, Lam' (9) 
made an admirable study of the equilibrium of a spherical shell which 
also caught the attention of Navier (3) and Poisson (7). The work of 
Kirchhoff (10) is important, not only for his analysis of plates and 
cylindrical surfaces, but also for his critical review of Poisson's work~ 
pointing out the problems which arise in connection with the boundary 
conditions for thin shells. Later, Aron (12) and othors tried to deduce 
the general equations of thin elastic shells without success. 
B. General theory of thin elastic shells and plates .. 
A general theory of thin elastic Shells was first established by 
A. E. H. Love (15). This theory has been reproduced in his "Treatise 
on the Mathematical Theory of Elastici ty, tI better knowm in Continental 
Europe in the German translation of A. Timpe (16). Since the publica-
tion of LoveRs work in 1888, many papers have been written on the gener-
al theory of thin shells and plates. These latter theories differ from 
Love's in certain respects, and can be classified into three main cats-
gories~ 
1. Deviation in fundamental assumptions underlying the theory. 
2. Retention or omission of certain terms in connection 
wi th' the fundamental assumptions. 
3. Different methods used for the derivation of the equa-
tions of equilibrium and deformations. 
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It is not the purpose of this b=ief revie\o,T to discuss any of these 
aspects in detail. They are examined here in order to justify the use of 
Lovels theory as a basis for the numerical analysis of pressure vessels., 
The usual assumptions made for the general theory of thin elastic -Shells 
are as follows: 
1. The thickness of the shell is small in comparison with 
its other dimensions. 
2. The stress component normal to the middle surface is small 
in comparison with the other stress components 0 
3. The displacements are small enough to permit the neglect 
of products of the displacements, compared with the dis-
placements themselves~ ~antitie8 of second order per-
taining to changes in curvature are also neglected. 
4. The normals to the middle surface of the undeformed shell 
become normals to that of the deformed shell~ 
These assumptions on which Loveis theory is based seem to be reasonable 
and. wi th or ".Tithout slight modifications., have been used extensively by 
others!'! Only the "intrinsic theory" developed by Wo Z. Chien (21,22), 
which seems to be unique for its complete generality, avoids these assump-
tions. However. ChienJs theory introduces considerable complications 
which make it unsuitable for the present practical applicationo 
A new derivation of the general differential equations of equilibrium 
of shells by means of Castiglianots theory~ with the help of the calculus 
of variations)has been presented by E. Trefftz (19). A strain-energy ex-
preSSion for thin elastic shells has also been given by H. L. Langhaar (26) 
who notes some inaccuracies in Love's theory of thin Shells and particu-
larly in Lovels formulas for the energy of bending~ Eo Reissner (23,24) 
modified the equations of deformation of Levels theory by introducing the 
assumption that the <3.isplacement components varJ linearly with the dis-
tance along the normal from the middle surface of the shell" \'j •• R" Osgood 
and J. A. Joseph (27) pointed out inconsistencies in Lovels eQuations of 
equilibrium and presented a new set of equations. However, these equations 
reduce to Love's equations when the deformation of the middle surfaGe is 
inextensione,l and irrotational. While these comments en Lov-eis theory 
are in general sound and indeed convincing, it may also be noted that such 
modificrations and corrections may be of little practical importance. In 
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p~rticular, in the case of pressure vessels, the extension and rotation 
of the middle surface are small. 
Theories based on general curvilinear coordinates (as contrasted 
with those using the lines of curvatures of the middle surface as co-
ordinates) have been developed by I.' N. Rabotov (30), \{. Zerna (35) and 
others. The theory of thin elastic shells given by A. E. Green and 
W. Zerna (36) has the added advantage of not employing the usual assump-
tion that normals to the middle surface of the undeformed shell become 
normals to that of the deformea shell. 
c. Solutions based on Love's theory. 
On the basis of Lovels theory, E. Reissner (37) succeeded in sim-
plifying the problem of the spherical shell by the proper choice of two 
dependent variables. E. Meissner (38, 39) further generalized the so-
lution for the most important types of shells of revolution, those hav-
ing constant curvature along the' meridian of the '-shell. In a series of 
dissertations under the direction of E. Meissner, shells of various 
geooetrical shapes were treated by L. Bolle (40), F. Dubois (41), E. 
Honegger (42) and H. \1i ssler (43) r 
There are many approximate methods for the solution of shell 
problems t which t in one way or another,. attempt to avoid the application 
of "classical" solutions which depE.:l1d on the rapidity of convergence 
of the infinite series entering into the solution~ The first type of 
approximate method seeks a solution of the problem by asymptotic inte-
gration of the governing differential equationse This tecID1ique was 
first suggested by O. Blumenthal (47) for the spherical shell and then 
extended to the general case of shells in the form of surfaces of rev-
olution by E. Steuermann (48) f 
The second type of approximate method simplifies the governing 
differential equations by neglecting some of the terms which are con-
sidered to be unimpcrtanta The most elaborate work along this line has 
be~n given by J. W~ Geckeler (49s 50). With slight modification, a 
closer approximation for spherical shells was o"btained by M. Eetenyi (51). 
The third type of approximate method solves the problem through a finite 
difference analogy~ The work of p~ Pasternak (52 5 53) has treated the 
subject in this way, and deserves special mention for having inspired 
the present investigation~ 
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In recent years, investigations of classical solutions of shell 
problems have been revived6 A rather complete survey of the classical 
solutions for Shells of simple geometrical nhapes was made by W. R. 
Burrows (57). E. Reissner (58) reduced Lovels funiamental equations in 
a modified manner for shallow parabolic shells~ the solution of which 
is expressed in terms of Bessel functions~ 
There are a number of books in which are presented didactic treat-
ments of the subject of shells. The most important ones are those given 
by \~. Flugge (59), T. Poschl (60) and S. Timoshenko (61). 
D~ Special treatises on pressure vessel analysis. 
The concepts underlying the treatment of the analysis of pressure 
vessels as a problem in the theory of thin elastic shells were given by 
E~ Meissner (64)0 He developed the solution for a vessel with cylin-
drical shell and hemispherical heads. This approach was further extended 
by J. W. Geckeler (50)~ A. Huggenburger (65)t E. Hahn (67) and 
F.. SChllltz-Gruno\'1 (68) to apply to different shapes of symmetrical vessel 
heads. 
A-pplications of these solutions based on the classical theory. of 
shells to the analysis of pressure vessels are not at all cocrmon~ Apart 
fron the crude treatments based on membrane theory t most analyses follo\.; 
the lIapproximate theory-II of J~ W~ Geckeler (50) which neglects some 
terms in the governing differential equ&tions, Much work has been done 
a~ong this line for various geometrical shapes of heads~ Notable among 
these contributions are the method of calculating stresses in full heads 
due to W, M. Coates (69), the analysis of stresses in dished heads by 
a. o. lihys (70) ~ the investigation on conical heads by H .. C) Boardman 
(72)t and otherso 
Recently, increasing attention has been paid to the application of 
c~assical solutions to pressure vessel heads o The most remarkable sum-
mary of such applications has been outlined in a paper by G~ \v. Watt and 
W. R. Burrows (77). Due to its mathematical complexity} however) the 
classical approach seems to be limited in usefulness~ 
None of the treatments discussed above was devoted to the ~pplica­
tion of the finite difference method for the pressure vessel problems. 
~he present report is partly intended to serve that purpose y 
-93 .... 
2. Biblic~raphy 
1. 
Ail EF..rly ~tlorks on Thin Elastic Surfaces. 
I I " , ~ " IIResume des lecons donnees a llecole des ponts et chaussees 
sur llapplication de la mecanique l1 by C. L. M. H. Navier .. 
Third edition, with' notes and appendices by B. de Saint-
Venant J Paris, lB64, p. 249. 
In the historical review~ a brief account of the att'empts 
made by Navier, Lame and others in approaching the problem 
of elastic surfaces is given. 
2. I~xtrait des recherches sUr la flexion des plans ~lastique911 
by C. L. M. He Navier. Bulletin Philomatique, 1823, p. 95* 
The author presents for the first time the general equa-
tions of'equilibrium and the equations which must hold at 
the boundary of the elastic plate .. 
IIExp~rience sur la r~sistance de diverses substances a la 
rupture caus~e par une tension longitudinale" by C. L. M. H,. 
Navier. '.Annales de Chimie, v. 33, 1826, p~ 225-
The investigation includes the results of experiments on 
circular tubes and other vessels subjected to internal 
pressure. 
4. "Recherches sur la theorie des surfaces ~lasti q,ue:s" by 
S. Germain, Courcier, Paris, 1821. 
This work is in four ~arts: (1) EX90sition of principles 
which can serve as basis for the theory of elastic surfaces; 
(2) Investigation of terms which constitute the equations of 
elastic surfaces; (3) Equations of the vibrating cylindrical 
surface and circular ring; and (4) Comparison of the results 
of the theory and experiment. 
5.. "Remar que s sur la nature J Ie s borne s et l' ~t endue de la ques-
tion des surfaces ~lastiques~ et equation generale de ces 
surfaces" by S. Germain, Paris, 1826 .. 
The work consi st s of some preliminary observat ions and then 
is divided into two sections: (1) Exposition of the condi-
tions which characterize the surface; and (2) General equa-
tion of vibrating elastic surfaces. 
6. IIM~moire sur les surfaces elastiques lt by S. D. Poisson~ 
Memoires de 1~12t published in Paris, lB14~ p. 167. 
This memoir is divided into two sections: (1) EqQation cf 
equilibriUm of non-elastic surface; (2) Equation of the elas-
tic surface in equilibrium~ 
,7~ "Nete sur la compression dtune sphere" by S. ])~ Poisscn~ 
Annales de Chimie, v .. 3B~ ,1928 l po 330 .. 
The note includes some comments on experiments on spherical 
shells of constant thickne'ss subjected to internal pressure. 
gD 
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/ / ~ , 
"Memoire sur llequilibre interieure des corps solides homogenes ll 
by G. Lame and E. Clapeyron. Memoires presentes par divers 
savans, Paris, v. 4, 1833, p. 4650 
The memoir consists of an introduction and four sections: 
(1) Differential equations; (2) Theorems of pressures; (3) Sim-
ple cases; and (4) General cases. In the third section, the 
authors deduce formulas limiting the pressure which can safely 
be applied to the interior of metal vessels. 
9. "M~moire sur I' ~quilibre d i ~last ici t~ des enveloppes spheriques If 
by G. Lame. Journal de Mathematiques, Liouville, Vo 19,' 
Ig54 J p. 51. 
The memoir contains an investigation of the conditions for the 
equilibrium of a spherical elastic envelope or shell subjected 
to a given distributed loade 
11 
10. l~er das Gleichgewicht und die Bewegung einer elastischen 
". . 
11. 
12. 
Scheibe 11 by G .. K, Kirchhoff ~ Crelle v s Journal fur d~e Mathemat ~k. 
v. 40, 1850~ p. 51. 
The memoir consists of five sections preceded by a short his-
torical introduction. The points raised by the author on Poisson's 
work have led to problems with regard to boundar,r conditions for 
thin shells. 
If II 
"Thearie der Elastizi tat der fester Korper tt by A~ C1ebsch. 
Leipzig, 1862. French translation IITheorie de l'4lasticite des 
corps solides" by B. de Saint ... Venant and Flamant, with annota-
tions by Saint-Venant, Paris p l883~. p. 3630 
This work is divided into three parts: (1) Bodies having all 
their dimensions finite; (2) Bodies which have one dimension or 
two dimensions infinitely small 9 and (3) Applicationso In the 
annotations to the work of Clebsch, de Saint-Venant treats various 
vigorous solutions for the bending of plates. It is most complete 
account yet given for the bending of circular plates. 
II I~as Gleichewicht und die Bewegung einer unendlich dunnen, be1iebig 
gekrt':i.mrnten elastischen Schale" by H. Aron, Journal flir die Reine 
und Angewandte Mathematik 9 vo 78, 18749 p. 136. 
This paper deals '<lith arbitrary curved surfaces or thin elastic 
shells which are subjected to finite deformation. The general 
equations of equilibriums are given o 
l3a "Exposition analytique de la the-orie des surfaces" by C~ Brisse o 
Sections 1 to 4, Annales Scientifiques de l'Ecole Normale 
Superieure, Second Series~ Vo 3~ 1874, P8 87; Section 5~ Journal 
de 1;Eco1e Poly technique, v~ 36 t 1~g3p p& 2130 
The papers contain five sectionsg (1) General fonnulas; (2) 
Study of a surface around one of its ~oints; (3) Lines traced on 
a surface; (4) Element of arc 9 and (5) Various systems of coordi-
nates on surface~ 
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14. !fA History of the Theory of Elasticity and of the Strength of 
Materials" by I. Todhunter and. K. Pearson. Cambridge University 
Press~ Cambridge, England~ v. 1 and 2) 18930 
The book, in two volumes, consists of an extensive survey 
and review of literature on the theory of elasticity in chron-
ological order7 The early works on the problem of elastic 
surfaces by Navier, Germain t Poisson$ Lame, Clapeyron~ Kirchhoff 
and others are mentioned by the author~ 
B. General Theory of Thin Elastic Shells and Plates~ 
15. liThe Small Ji'ree Vibrations and Deforma.tion of a Thin Elastic 
Shell II by A. :E. H. Love. Philo sophical Transac t ions of the 
Royal Society of London, v. 179, 1888, p. 491_ 
In the paper, the -potential energy of deforme.tion of an iso-
tropic elastic shell is investigated by the same method employed 
by Kirchhoff in his discussion on the vibration of thin plates .. 
As the geometrical theory of the deformation of extensible sur-
faces a~peared not to have been hitherto made out, it was neces-
sary to give the elements of such a theory for small deforma-
tions. 
16. itA Treatise on the Mathematical Theory of Elasticity" by A. E. 
H. Love. Fourth edi tion} Cambridge Universi ty Press, Ca.mbridge, 
England, 1927. German translation of the second edit ion: 
ItLehrbuck der Elast i zi tat" by A. Timpe, Teubner, Leipzig) 
Germany, 1907~ 
A reproduction of Love's general theory of thin plates and 
shells is given in Chapter XXIV of the book o 
17. "On the Deformat ion of an Elastic Shell II by H. Lamb a Proceed-
ings of London Mathematical Societys v, 21) 1890, p. 119-
The author has a somewhat different definition of the symbols 
for the deformation of the middle surface from that given by 
Love. He points out that it is not possible to draw an absolute 
line of demarcation between the deformations in which the gov-
ernine feature is the extension of the middle surface and those 
which involve flexure with little or no extension. 
18. "mer die Grundgleichungen der Elastizit~tstheorie schwach 
deformierter Schalen" by F. Krauss" Mathematische Annalen, 
v, 101, 1929, p. 61~ 
This paper includes an introduction and four sections: (1) On 
tensor analysis t differential geometry t and. theory of deforma-
tion; (2) The resulting terms and the resulting cond.itions of 
ea~lilibrium; (3) Relation between strains and stresses; and 
(4) The complete equilibrium conditions and the integration of 
the fundamental equations o 
"Ablei tung der Schalenbiegungsgleichungen mit dem Castig1ia.no-
schen Prinzip" by E. Trefftz~ Zeitschrift f{{r angewandte 
Mathematik und Mechanik, v~ 15, 1935) p. 101. 
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This paper deals wi th .the equilibrium of the shell element by 
means of the Castigliano~, principle of least work wi th the aid of 
the calculus of variat ions~.' For simplici ty, only the case, of con-
stant thickness is treated. 
20. t1Equations compl~tes de l'~quilibre des couches minces elastiques 
gauches" by F. Odqvist. Comptes Rendus de l'Academies des 
Sciences de Franca, v. 205, 1937, p. 271. 
The author raises the point .whether some terms of second order 
in the theory of shells should be neglected. He presents a 
theory of first approximation independent from the ordinary hy-
pothesis that normals to the undeformed middle surface of a 
shell remain normals after d'eformation. 
21. "The Intrinsic Theory of Elastic Shell s and Plates" by J. L. 
Synge and 'ftl. Z. Chien. Theodore von Karman Anniversary Volume, 
1941, p. 103. 
The authors systematize the theory of shells by developing a 
basic exact theory into which various approximations may be fit-
ted. All empirical assumptions are avoided in the derivation 
of,the basic equationsQ 
22. "The Intrinsic Theory of Thin Shells and Plates" by W. Z. Ohien. 
~arterly of Applied Mathematics, v~ 1, 1944 , p. 297; v. 2, 
1944, p. 43 and p. 120. 
The paper gives a systematic treatment of the general problem 
of the thin shell which includes the problem of the thin plate 
as a special case. It is divided into three parts: (1) General 
theory; (2) Application to thin plates; and (3) Application to 
thin shells. The fundamental equations of the theory include 
three equations of equilibrium and three equations of compati-
bility. The displacement does not appear explicitly in the 
argument 9 A complete claSSification of all shell and plate prob-
lems is obtaineds 
23. If A New Derivation of the Equations for the Deformation of Elastic 
Shells" by E. Reissner. American Journal of Mathematics, v'. 63, 
1941, p. 177. 
The paper presents a modified derivation of stress-strain rela-
tions in a shell which uses directly the known expression for 
strain components with respect to orthogonal systems of coordi-
nates and utilizes the assumption, that the displacement compo-
nents vary lin~arly with the distance along the normal from the 
middle surface of the shell. 
24. "Note on the Expressions for the Strains in a Bent Thin Shell" 
by E. Reissner. American Journal of Mathematics, v. 64, 1942, 
p. 768. 
This note is to complete the discussion of the authort s previ-
ous paper by deriving expressions for the components of strains 
for the stress-strain relations. 
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25. uTheo:rJ of Small D.~formations of a Thin Elastic Shell II by 
R. Byrne, Jr. University of California Publications in 
Mathematic.s', New Series) Vo 2s No .. 1, 1941-~" p. 1034 
':\ 
In this p~per. a theory of small deformations of a thin 
elastic shell having any shape is developed t This theory 
is valid on the assumption that the deformations are small 
enough so that terms of second order and higher iri the defor-
mation components may be neglected, but it is exact to the 
other terms in consideration~ 
26. ',IA Strain-Energy Expression for Thin Elastic Shells" by 
H. L. Langhaar •. Transactions of: the American Society of 
Mechanical Engineers, v. , 7l, 1949, Journal of Applied Mechan-
ic St po 183. 
. A derivation is given for the strain energy of an isotropic 
elastiC shell whose radii of curvature are sufficiently large 
so that the strain.s may be assumed to vary linearly through-
out the thickness~ The effects of the tangential displace-
ments upon the energy due to bending are found to differ 
appreciablY fr.om LO~lels results in the first order terms. 
Special :.forms of the general e'nergy expreSSion are given for 
shells .in the shape of flat plates, ciraular cylinders, etc. 
27. "On the General Th~ory of Thin Shell s" by ''1. R. Osgood and 
J. A. Joseph. Transactions of the American Society of Mechan-
ical Engineers, v. 72s 1950, Journal of Applied Mechanics, 
p. 396" 
The authors re-examine certain parts of Love's general 
theory of thin shells. ExpreSSions are obtained for the 
changes of curvature and the twist, and new equations of eqQi-
librium are introduced0 
28. "Eine einfache Ablei tung der Gleichgewicht sbedingungen des 
Schalenproblems" by. J. Fadle4 Ingenieur - Archiv, v. 14, 
1944, p. 413. 
The paper gives the fundamental equations of shell problems 
in a rather simple way by means of vector analysiS. 
29- "Q,ualitative Investigation on the Stresses of Thin Shells" by 
A. L. Goldenweiser" (In RUSSian, with abstract in English)~ 
Prikladnaia Matematika I ~Iekhanika, Akademi ia Nauk SSSR, 
30. 
v. 9, 1945, p~ 463~' 
A system of equations is given for each of the three select-
ed groups of th(3 integrals describing the membrane, bending 
and boundary effect, defining them with all preciSion which 
may be att~ined by the theory of Shells based on the Kirchhoff-
Love hypothesiS. 
I1Fundamental Equati ons of the Theory of Shells II by I. N. 
Rabotov. (In English). Comptes Rendus (Doklady) de l'Acade-
mies des Sciences de ItURSS, v. 47, 1945, p. 87. 
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The paper presents the equations of equilibrium and deforma-
tions of thin shells referred to curvilinear coordinates. 
Kirchhoff's hypothesis is used for the derivation of the rela-
tion'ship between strain and stress. 
31. liOn the Theory of Bending of Elastic Plates" by E. Reissner ... 
Journal of Mathematics and Physics, v. 23, 1941, p. 184 • 
. The author establishes a system of differential equations of 
the sixth order for problems of bending of thin plates. On the 
basis of his equations, it is possible and necessro-, to satisfy 
three boundary conditions along the edges of a plate while the 
classical theory leads to two boundary conditions only. This 
is due to the fact that Reissner's theo~ includes the Shear 
deflection and therefore embraces an additional degree of free ..... ·· 
don. 
32 .. ~ "The Effect of Transverse Shear Deformation on the Bending of 
Elastic Plates" by E. Reissner~ Transactions of the American 
Society of Mechanical Engineers~ v. 66, :;'945, Jou.rnal of Applied 
Mechanics) pa 69~ 
33· 
A system of e~uations is developed for the theoT,1 of bending 
of thin elastic plates ~mich t~kes into account the transverse 
shear deformability of the plate. This system of equations is 
of such a nature that three boUndary conditions can and must be 
prescribed along the edge of the platee 
liOn :Bending of Elast ic Plates II by E .. Rei ssner. 
A~~lied Mathematics, v. 5, 1947, po 550 
'~arterly of 
This paper gives an account of the author's earlier deriva-
tions in simpler and more general form. Plates of homogeneous 
and sandwich constructions are considered~ 
"On Reissner Theory of Bending of Elastic Plates~lr by A. E. Greeno 
~arterly of Applied Mathematics. v~ 7, 1949, pft 2230 
This paper shows that Reissner's equations can be obtained di-
rectly fron the equations of equilibrium and the stre~s-strain 
relationso Moreover~ by the consistent use of complex variable 
notation~ the form of the results is simplified. 
Il]3ei trag zur allgemeinen Schalenbiegtheories II by W. Zerna. 
'f" __ -_.: _ ...... t:, ... ~'\.-,.:.,. ... .,. , 7 1 a4a "1"1 1 Lio 
.L..tJ.E:,I:;;.I..L..Lt:lu..L .... .1.vJ..L..l.v.~ v. -(p .J J' 1:"- .... 'JO. 
In this paper, a new set of fundamental equations for. shell 
problems is developed, using a different coordinate system. It 
treats some special problems in a simpler wayo 
36. liThe Equiliorium of Thin Elastic ShellS \I by Ao :ill. Green and 
W. Zerna o ~arterly Journal of Mechanics and Applied Mathemat-
ics~ v .. 3i pt~ 1, 1 9500 
A theory of thin elastic shells is developed as a first approx-
imation without using the usual assumption that the normals to 
the middle surface of the undeformed shell remain normals in the 
deformed shell. It includes Reissner's theory of bending of 
elastic plates as a special caseo 
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C. Solutions Based on Love I s Theory. 
37. IISpannungen in Kugelschalen (Kuppeln) II by H. Reissner. /I Mtiller-
Breslau Festschrift, Leipzig, 1912, p. 181. 
On the oasis of Levels theory, a solution for the differential 
equations pertaining to spherical shells has been obtained by 
the proper choice of two variables related to those used by Love. 
38~ IlElaetizit({tsproblem flir d{hme Schalen ll by E. Meissner o 
Physikalische Zeitschrift. v. 14, 1913, p. 343~ 
39· 
A generalized solution of the differential equations for shells 
of revolution having constant curVature along the meridian of 
the shell is given in this paper. 
If 1/ /1 
"UDer Ela.stizitat und Festigkeit dunne Schalen" by E .. MeiSSner .. 
Vierteljahrschrift der Naturforschenden Gesellschaft, v. 60, 
1915 t p. 230 
This paper presents the solutions of the differential equations 
for shell s of revolution, including those for spherical shells, 
conical shells and toroidal shells. 
40. t'Festigkeitsberechnung von Kugelscha1en" by L. Bolle. Disserta-
tion, publiShed by Fussli i Zurich, 19160 In abstract, 
Schweizerische 13auzeitung, v. 66, 1915, p. 105 and p. Ill. 
This dissertation deals \rith the problems of spherical shellso. 
It givds examples of different cOTIbinations of loading and 
bounda.ry condition. 
" 41. !tUber die Festigkeit der Kegelschale rt by F 0 Dubois.. Disserta-
42. 
44 .. 
tions published by Fussli, Zurich, 1917. 
This dissertation treats conical Shells under various loadings 
and with various boundary conditions/!> 
II IfFesti~kei t sberechnung von Kegelschale mit linear veranderlicher 
Wandstarke" by E. Honeggero Dissertation, published in Luzern, 
1919· 
This dissertation deals with pro1)lems related to conical shells 
of linearly variable thickness. 
'1 IIFestigkeitsberechnung von Ringflachenschalen ll by H. Wisslera 
Dissertation, published by FUssli~ Zurich~ 19l6~ 
This dissertation includes investigations of problems in con.". 
nection with toroidal shells~ 
- n 
IfExperimentelle 1md theoretische Untersuchungen uber die 
Festigkeit von Kegel - und Kugelbodenf' by E. Fankhauser. T"Jis-
sertation t Z{irich. Si.ri t zerland, 1913. In ab stract: IIDi€:: 
F'3stigkei t von kegel - und kugelformigen Boden llncl Deckeln'l 
Zeitschrift des Vereines Deutscher Ingenieure, Vo 58) 1914t 
p. 840 a.nll p. 922 .. 
46~ 
-laC .. 
This work treats a number of pr.oblems related to spherical 
and conical Shells. The solutions include the integration of 
differential equations of the fifth order by means of infinite 
series., 
ls:Berechnung Gewblbter Platten" by R. Keller q Dissertation, 
Ztirich, 1913. Published in Forschungsaroeiten auf dem Gebiete 
des !ngenieurwesens, No. 124, 1912. In abstract, Schweizerische 
Bauzeitung t v. 61, 1913, p. Ill, p. 123, p. 153 and p. 171. 
The author presents the governing differential equations of 
elastic arched surfaces in terms of components of displacements. 
''Berechnung GewSlbter B6'den ll by R .. Keller t edited by R~ Dubs. 
Teubner t Leipzig and Berlin, 1922. 
This is a gummary of Keller's work on the problem of elastic 
surfaces. 
II 
47. "Uber die asymptotische Integration von Differentialgleichungen 
mi t Anwendung auf die Berechung von Spannungen in Kugelschalen II 
by Oe Blumenthal. Zeitschrift f~r Mathematik und Physik, v. 62p 
19l 4i p. 3430 
Tn this paper, the author presents an approximate solution of 
the Love-Meissner equations for spherical shells by the method 
of as;ymptotic integration. 
48, "Some Considerations of the Calculation of Elastic Shells" by 
E. Steuermanno Proceedings, 3rd International Congress for 
Applied Mechanics g v. 2, 1930. p. 60. 
This paper gives an approximate solution for the general case 
of shells in the form of surfaces of revolution, following the 
asymptotic integration method for the spherical Shell suggested 
by Elumenthal o 
" 49" ""Ober die Festigkeit Achsensymmetrischer Schalen lf "by J. \i. 
Geckeler, Forschungsaroeiten auf dem Gebiete des Ingenieur-
wesens, No. 276, 1926. 
This paper presents a theoretical a.nalysis of c'..xially symmetric 
shells. The siml=)lified clifferential equation anI."':. its application 
to theconputation of stresses in vessel heads are given. An 
experiment made to support the theor-.r is also presented. 
50, "Zur Theorie der Elastizit~t flcich'3r. rotationssymmetrischer 
Schalen ,t by J. ~v. Geckeler. Ingenieur-Archiv., v .. 4, 1933, 
p .. 545a 
In this papers the author presents an approximate theory of 
thin elastic shells~ and points out the possioility of further 
a~proximations. ( 
51" "Spherical Shells Subjected to Axial Symmetrical Bending l1 by 
M. Hetenyi. Publications, International Association for Bridge 
and Structural Engineering1 Va 5, 1938, p. 173. 
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Thi s paper present s formulas for a more accurate approxima-
tion to the Love-Meissner equations for spherical shells. The 
method takes into account the first derivatives in addition to 
the second derivatives and neglects only the functions them~ 
selves in the resulting governing differential equation. 
52. t~ie praktische Berechnung biegefester Kugelschalen, kreisrunder 
Fundamentplatten auf elastischer Bettung und kreiszylindrischer, 
Wandungen in gegenseitiger monclither Verbindung" by P. 
Pasternak. Zeitschrift f~ Angewandte Mathematik und Mechanik, 
v~ 6, 1926 t p~ 1. 
53. 
This paper presents the method of finite differences for 
problems connected trith the spherical shell in bending t the 
circular plate on an elast ic foundation, and the circular cy-
lindrical shell with built-in ends~ 
'~ormeln zux raschen Berechnung der Biegebeanspruchung in 
kreisrllnden Beh~lternlt by P .. Pasternak. Schweizerische 
Bauzeitungs v. 86, 1925. p~ l29~ 
FOlnulas are given in the paper for the numerical solution of 
bending stresses in spherical and conical heads rigidly con-
nected to a cylindrical wall. 
54.. "Zur Theorie der polarsymmetrischen Deformation der elastischRn, 
anistropen Schalen" by E. Steuermann. Zeitschrift fur anF;e-
wandte Mathematik und Mechanik r v: 5, 19251 p. 4491 
The work includes the problems of elastic isotrcpic shells 
in the form of surfaces of revolution, but extends to the case 
of anistropic shells, 
55. ".Analysis of Spherical Shells of Variable \iall Thickness II by 
M~ F" Spotts~ Transactions of American Society of Mechanical 
Engineers$ v. 61, 1939, Journal of Applied Mechanics p p~ A-97, 
This paper presents a solution of the problem of a spherical 
shell \vhich is aXisymmetrically loaded~ when the variation in 
wall thickness is taken as a quadratic function cf the angle 
along the meridian. The Love-Mei ssner equat i ens f or the case 
of non-unifcrm wall thickness are derived~ 
"Die biegungsfeste Kegelchale mit linear ver~nderlicher Wa.nd .... 
starkel! by E. Licht enst ern l Zeitschrift f~r angewandte Hathe-
matik und Mechanik~ v,. 12~ 1932, p. 347~ 
This paper Fresents an approximate sulution for ccnical 
shells of linearly varying wall thickness~ The integral of the 
differential equation of 4th order is obtained~ 
57.. "Introc3_uction to the rrwo-dimensional Elastic Theory of Isotropic 
Shells of Revolution with Polarsymmetrical Loads" by W~ R .. 
Burrowsc Standard 0il Co~ of Indiana~ Engineering Division 
Report, May 1, 1941~ 
This report is a summary of work on problems of thin elastic 
shells based on Love's,theory! showing the interrelation of the 
formulas pertaining to various types of shell~ 
-102-
58. 11011 the Theory of Thin Elastic Shells tl by E. Reissner. Reissner 
Anniversary Volume, Contributions to Applied Mechanics, Edwards 
Brothers, Inc., Ann ArborJ Michigan. 1949. po 231. 
59 .. 
This paper deals with the subject of aXially ~etrical defor-
mations of thin elastic shells of revolution. The simplification 
of Lovels fundamental equations is accomplished by the author in 
a manner modified from that of E. Mei ssner. 
11 IIStatik und Dynamik der Schalen" by W. Flugge. 
Berlin, 1934. 
Springer, 
The bending theory of cylindrical shell is given in Chapter VI, 
p. 110$ and the bending theory of shells of revolution is given 
in Chapter VII, p. 145. 
60. lfJ3erechnung von Behal tern tf by T. P8schl. Second edi tions Springer 5 
:Berlin~, 1926. 
This book deals extensively 'Ni th the subj ect of elastic thin 
shells. The bending theory of shells is given in Chapter IIl~ 
po 50 0 
61" "Theory of Plates and Shells ti by 54 Timoshenko. McGraw-Hill, 
Inc., New York, 1942. 
The general theory of cylindrical shells is given in Chapter Xl t 
p. 3890 Shells having the form of a surface of revolution and 
loaded ~etrically with respect to their axes are treated in 
Chapter X. p. 450. 
F " 'IDrang und Zwang ll by A. and L. oppl. 
Berlin, 1920, v. 2~ po 1 .. 
O II Idenbourg, Munchen and 
A full ch?pter of the book is devoted to problems of thin 
elastic shells~ Examples for various types of shells and differ-
ent. loading conditions are given. 
63. "Die Dampfturbinen It by A. Stodola.. Fourth adi t ion, SpriIJ,ger, 
Berlins 1910, po 597~ 
This is one of the early works which present the governing differ-
ential equations of shells in terms of components of displacements, 
as a result of reduction from Lovels equations of equilibrium and 
deformation. 
D. Special Treatises on Pressure Vessel Analysiso 
64.. "Zur Festigkeit.sberechnung von Hochdruck-Kesseltr8mmeln ll "by 
E. Meissner. Schweizersche Bauzeitung, v. 86, 1925s p. 1. 
This paper introduces the concept of the boundary problems of 
thin shells in the analYSis of pressure veasels o The case of a 
vessel consisting of a cylindrical shell ~ith a hemispherical 
head at each end serves as an example. 
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65. I~estigkeit zylindrischer Kessel gleichen Dicke mit halbkugel-
fcrmigen Boden ti by A. Huggenberger. Festschrift ZUlfi 70 
Geburtstag von Pr0fo StodolaJ FUssli, Zurich J 1929, p. 258. 
This paper presents the important properties and the approx-
imate solutions of the problem of deformations and stresses in 
a vessel. The ana.lytical results are checked with experir:l€lnts~ 
66. "Versuche -b.ber die Widerstandsfan.igkei t und die Form~derungen 
gewolbter Kesselboden ll by C. Bach. Forschungsarbeiten auf dem 
Gebiete des Ingenieurwesens~ No. 270, 1925. In abstract, 
Zeitschrift des Vereines Deutscher Ingenieure, v. 69, p. 1, 
1925$ p. 367 ~ 
This paper presents an investigation of the strength and 
defo~lation of pressure vessel heads. Test results are given 
fer six types of ellipsoidal heads. 
1/ 
"Uber die Festigkeit der gewglbten B5den und del' Zylinderschale" 
by E. HohnQ Springer t Berlin, 1927~ 
This book deals wi th the calculation of stress es in vessel 
heads. It also gives results of experimental investigations 
which are in geed agreement with the approximate analytical sc-
lutien~ 
68. "Die Festigkeitsberechnung achsen~J!!lTIletrischer Ebden und Deckel ll 
by F, Schultz-Grunow~ Ingenieur-Archiv. s v. 4, 1933, p. 545-
This paper presents the general theory for the calculation of 
stresses in axially symmetrical pressure vessel heads and its 
applica.tion to different types of heads o 
69~ "The State of Stress in Full Heads of Pressure Vessels ll by 
vf o Mo Coates~ Transactions of the Aoerican Society of Mechan-
ical Engineers, v" 52, pt. It 193(', Applied Hechanics, p. 117. 
The author derives expressions for stresses and displace-
ment s of a thin ''faIled pressure vessel e following the "approx-
imate theory" cf Geckeler<, 
70" "Stresses in Dished Heads of Pressure Vessels l ! by C. O. Rhys. 
Transactions of the American Society of Mechanical Engineers~ 
v. 53, pt~ 2, 1931. Petroleum Mechanical Engineering~ p. 49. 
This paper develops methods for determining the proper pro-
file of dished heads in the design cf pressure vessels6 The 
results of tests made on a number of vessels are also given." 
71. ItStresses in a Drum itJ1. th a 45-deg!'ee Cone-Shaped Head ll by C. O~ 
Rhys. Report to Pressure Vessel Research Committee, October 
71 1949~ 
The paper derives simplified formulas for calculating stress-
es in cone shape~ heads. The proposed method seems to give 
more accurate results than those given by the differential e~ua­
t i on based on Geckeler 1 s "approximate theory It 9 
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72. "Stresses at Junction of Cone and Cylinder in Tanks with Cone 
Bottoms or Ends" by H. C, Boardman" The Water Tower, v. 30 1 
January 1944, p. 8. 
The author presents an approximate method for computation of 
stresses at the junction of cone and cylinder of uniform thick-
ness .. 
73. "Cylinder Shell Loaded Symmetrically with Respect to its Axis" 
by E. iietterstrom, with an introduction b~- N. Little. Report 
to Pressure Vessel Research Oommittee, April 1, 1947 . 
.An approximate method following the "approximate theory II rz>f 
Geckeler is given for the conical head problem. 
74. tlDirect and Bending Stre sses in Cylindrical and Conical Thin 
Wall s It by C. M. Moir. Glasgow Royal Technical College Journal t 
v. 3. 1933-36, p. 137. 
The author derives a simplified differential equ~tion for cy-
lindrical shells in the same form as that suggested by Geckeler, 
except that a different set of vari~bles is used. An approxi-
mate method for substituting a cylinder for a cone is also given. 
75.. /tDirect a.nd Bending Stresses in Thin Spherical Shells ll by O. M. 
M~ir. Glasgow Royal Technical College Journal, v. 3, 1933-
36 t p. 399a 
The author applies the method proposed in the previous paper 
to thin spherical shells. 
76. l1])irect and Bending Stresses in Hemispherical Dished Heads" by 
O. M. Moir. Glasgow Royal Technic!!.l College Journal, v,. 3, 
1933-36 t p. 609. 
The same general procedure proposed by the author for conical 
heads is applied to hemispherical dished heads. 
77. liThe Basic ~lastic Theory of Vessel Heads under Internal Pres-
sure lf by G. W. watts and W. R. Burrows. Transactions of the 
American SOCiety of Mechanical Engineers, v. 71, 1949, Journal 
of Applied Mechanics~ p. 55. 
Means are outlined for calculating internal pressure stresses 
and deformations of semi-infinite cylindrical vessel Shells with 
hemispherical heeds, ellipsoidal heads, tori spherical heads, 
toriconical heads. conical heads, and flat heads. The class-
ical analysis by Love is used in the paper. 
78. "Zeros of the Solutions of Homogeneous Differential Equation 
Developed about the Center for Ellipsoidal Heads II by W. R. 
Burrows. Standard Oil Co. of Indi8na~ Engineering Division Re-
port! January 21t 1947. 
In this report, the author presents the solution of ellip-
soidal heads· based on Love's theory. 
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79. "Internal Pressure Stresses in the Head. Knuckle Whose Section 
is" That of a Torus of Unif orm Thickness II by \v. R. Burrows J 
F~ A. Upson and J. R. Ramires. Standard Oil 006 of Indiana t 
Engineering Division Report, August 1, 1941. 
The paper presents a solution for a torus of uniform thick-
ness Which is a part of the head knuckle of a pressure vessel~ 
80... tlLove's Analysis "Applied. to the Cone-cylind.er tTuncture Prob-
lem lt by W. R. Burrows. Standard Oil Co .. of Indiana t Engineer-
ing Division Report, March t 1944. 
The report gives a summary of the results of Love's equa-
tions applied to the cone-cylinder juncture. " 
81. nPlasticity Applied to the Theory of Thin Shells and Pressure 
Vessels" by F. E. G. Odqvist. Reissner AnniversaI'j Volumet: 
Contributions to Applied Mechanics, Edwards Brothers, inc., 
Ann Arbor, Michigan s 1949, p. 449. 
In this paper, plastiCity is applied to analysis of pressure 
vessels consisting of thin shells with rotational ~etry. 
Geckeler's a-pproximation has been used as the baSis of analy-
sis. 
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APPJ11NDIX II. CLASS rCAL AND APPROXiMATE SOL1JTIONS FOR 
A SPHERICAL-SEGMENT HEAD. 
l~ Classical Analysis 
The governing differential equations of a spherical shell are giv-
en by Equations [15J9 in Chapter II as follows: 
in which 
. -1 1 L(A) + ~A P = U D-
-1 L (U) - JkU P = - EtA 
-, '" -1 ,.. 2 'd!2 i / ... 1, (ri.' 2 .L., L~x) = P Ld xI P + ~dx UP) cot ~) - x cot ~J 
[15aJ 
On substituting the value of A given by the second of these equations 
into the first. a fourth order differential equation is obtained" 
[83J 
in which 
4 -1 / )2 a = Et D - (jJ- p • 
This equation is satisfied by the solutions of either of the two second 
order eauations~15 
L{U) + ia2u = 0 
L(U) ia~ = 0 
in ''lhich i is an imaginary number o_enoting the quanti ty 
[84aJ 
[84b] 
N.. Assuming 
that the two linearly independent solut ions 0f Equation [84aJ are 
then 1 the solutions of Equation [84bJ are 
in which II and 12 are functions of p. 
Let us first consider Equation [84a] which can be written in the 
fo:rm~ 
d2u/ dp2 + (dU/d¢)(cot ¢) - U(cot 2 ¢ = 2ib 2) = 0 [85J 
1/2 
2 2/ [~ / ) 2 ' 2) 2/4] b - = pa 2 = 3 ~p t \1 - jJ- - fl • 
in which 
15~ See Reference (61)1 p. 415 for derivation. 
:By introducing the new variables 
x = sin2fJ 
Z = U(p sin ¢)-l 
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Equa.t ion [85] is further simplified as follows: 16 
[86a] 
[86b] 
This equation belongs to a known type of differential e~ation of the 
second order, the solution of which can be obtained in the form of a hyper-
geometric series. The first and second integrals of Equation [87] are as 
follows: 
n=:n 
zl = cl t (3
2 
- d2)(72 - d2) ... [(4n - 5)2 - d2] (x!16)n-1 
n=l (n ... l)! n! 
in which cl is an arbitrary constant of integra.tion a.nd d is a constant 
defined as: 
and 
in which rp (x) is a power series. 
The series of the first integral can be divided into real and imag-
inary parts, designated by Sl and S2 respectively. These are power ser-
ies which are convergent for Ixl < l~ The term ~(x) in the second 
integral also represents a power series which is convergent at txl < 1. 
Due to the fact that z2~ 00 for p = 0, this integral does not exist 
for the present example when there is no hole at the crown of the sphere. 
Therefore, 
Z2 = 0 
The corresponding solutions of Equation [84a] are obtained by the 
16. See Reference (61), p. 459, for derivation. 
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relation of z and U in Equation [86b]. 
in which 
11 = 51 P sin P 
12 = S2 P sin rp. 
Similarly, the solutions of Equation [84b] can readily be expressed as 
follows: 
in which c2 is another arbitrarY constant of integration. Thus the gen-
eral solution of Equation [83] can be expressed in the form: 
[88] 
for which 
I 
kl = c1 ... c 2 
k2 = i (C1 - c 2) • 
The unknown A can be determined from the function U which is now 
known. By substituting U1 into Equation [84a], we have 
L(c111 ... ic112) = - ia
2 (C1I1 ... icl I2)i· 
Therefore 
From the second of the governing differential equations, we have: 
_ EtA = L(U) ... p- U p-l 
Thus f we obtain 
By introducing the constants 
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-1 2_ 
Kl = - (Etp) (fkl -' paK2) [8ga] 
-1 2 
K2 = - (Etp) (pa -kl + f-k2) 
the unkno'Wn A can be written in the form 
Uenoting the first derivatives of I and 12 with respect to ¢ by 
t l
Il ana_ I2 respectively, the expressions of normal forces, moments,. 
shear, meridional rotation, and deflection normal to -the axis of revolu-
tion at any point on the spherical head are obtained from Equations [20] 
in Chapter II. 
~= p-l(~Il + k212) 
N
m 
= Pp/2 + p-l(k1l 1 + k212) (cot P) 
/ 
-1' I N c = ,Pp 2 + p (~I1 + k 212) 
-1[ • ') ( ~m = D P (KIll + K212 + ~ cot ¢)(KiIl + K212)] 
A = [KIll + K212] 
-1 
w = p(sin p)(Et) [(Nm)n - ~(Ne)n] 
[gla] 
[glb] 
[9lc] 
[91d] 
(9le] 
[glf] 
[gIg] 
These quantities can be computed after ~, k2, Kl and K2 are determined 
from the boundary cnnditions. 
At the head.-to-shell juncture, the cona.i tions of static equilib-
rium and continuity must be met. The edge moment M and the edge shear 
~ are known from Equations [91] for P = Ph" 
M = D p -l[ (Xl I~ + K2I~) + IN<cot P) (Xl II + K212)] [92a] P = An 
q, = P -1 [~Il + k2I2)~ = ~h [92b] 
in which II and 12 are functions of P for particular values of 
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I l P = Ph at the head-to-she11 
After the values of I l , 12 , 
[89J ancl [92J together will 
juncture; 
I , 
so are the derivatives 11 and 12, 
I1 and 12 are obtained 
give ~, k2' Kl and K2 
for fJ = Ph' Equations 
in terms of M and ~. 
Also, at the head-to-she11 juncture. the meridional rotation and 
deflection normal to the axis of revolution are known to be as follows: 
[93aJ 
2 -1 
... Po (1 -;;.-) (sin ~) (2Et) " [93b] 
Since ~s k2, Kl and K2 are readily represented in terms of M and q, the 
quanti ti es (k and 6 can al so be expressed in terms of M and Q, which are 
evaluated from the conditions of continuity at the juncture. 
Even after the formal completion of the classical analysis of the 
governing differential equations~ the process of obtaining numerical 
results useful for engineering purposes is net simple. The amount of 
work entailed in the classical solution depends to a great extent on the 
rapidity of convergence of the series 11 and 12 entering into the solu-
tion. This convergence becomes slower t and more terms of the series 
must be calculated~ as the thickness of the shell becomes smaller in 
comparison with its least radius of curvature. For the example under 
consideration, twenty terms of the series have been required in order 
to obtain an accuracy comparable with that obtained by the numerical 
pro cedure e 
The comput ation for the present specific case has been carri ed out 
with a precision unnecessary except for purposes of illustration. For 
the solution of the problem? the series Il and 12 and their derivatives 
at the juncture (p = Ph) are first to be .determined. Then, from the 
solution of Equations [89J and [92J~ we obtain: 
~ = - 0.292290 M - 0.017131 q, 
k2 =---.. 0.320979 M+ 00441869 q, 
KI 
-1 (- 17.205600 M + 23. 091846 Q,) = E 
K2 
-1 C- 15- 30441l.j. M + 0.853111 q). = E 
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Substituting these values into Equations [93J, we obtain the following 
for the sPherical head: 
<In. = Dh -
1C+ 1.522402 l~ - 1.090881 Q,) 
8h = Dh-
1(- 0.545440 M + 0.778121 ~+ 19.140625)' 
where Q, = H/2 - 303.1105. 
From the solution of the cylindrical shell, as given by Equations 
[27] in Chapter ill, we obtain 
a = D -1(_ 1.267855 M - 0.803733 H) 
c c 
a = D -1(_ 0.803733 M - 1.019017 H + 53.833008) 
. c c · 
The required quantities M, q, and. H are obtained from the conditions 
of continuity at the head-to-shell juncture, i.e., ~ = a
c 
and 6h = 6c • 
Then, from the solution of these equations, 
M = - 128.2325 in.lb./in. 
q, = + 283* 9734 
H = - 161.1238 
1b./ in. 
1b./in. 
After M and ~ are evaluated, the quantities kl , k2, Xl and K2 can be ob-
tained as follows: 
kl = + 40_241282 
k2 = - 30.035680 
K =-1 E-
1 (1514.329288) 
E-l (2099.979387) , 
Then, the normal forces, moments and shears at various points on the head 
are obtained fron Equat ions [93J" 
-113-
2. A~proximate Method 
An approAimate solution of the problem may be sought by neglecting 
some of the terms of the governing differential equations. This was 
first suggested by Geckeler whose original suggestion was later modified 
and extended to the soluti ons of many types of heads. The approximate 
solution presented here is not the original version of Geckeler's work. 
but rather represents a modified form. following the treatment of 
17 w.. M. Coates. 
This approximate solution is reasonably correct for comparatively 
thin shells. It is obtained by neglecting, in comparison with terms 
propcrtional to the higher order derivatives s some terms in the Love-
Meissner equations proportional to the functior.s A and U and their first 
derivatives. By introdu~ing a new independent variable s so that 
ds =-p dP = p d~ , the governing differential equation of the Geckeler-
Ooates approximation becomes; 
4 4 4 -1 d wI ds + 4S ,tl = P D 
in which t for the spherical head, f3 is a constant.-
1/2. 
f3 = [3(1 - 2)] (pt)-l 
On s(11ving this differential equation and expressing the constants 
0: integration in terms of the edge moment a.nd edge shear. we have 
w= 
Sa ~ -1 (2e S.rrJ) [- SM(cos ~s - sin Sa) + q, coS ~s] 
+ Pp2Cl _ f-) (2Et)-l [95] 
in which q, = H cos r - (pp/4) (sin 2 y ) 
The relation~1ips of normal forces s moments* shear. etc. with re-
spect to the new independent variable are obtained as follows: 
• ~ I. ~~ ~ = + D(dJw/ds/) 
N = + Pp/2 
m 
N = + Pp/2 - pD(d4w/ds4) 
c 
M' = _ Dca2w/ds2) 
m 
17. See Reference (69) for the derivation of the method~ 
C96a] 
[96c] 
[96d] 
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A = + dw/ds 
-w = ... w cos 1f'" 
• 
By ~bstituting the expression for w in Equation [95] into the above equa-
ti'ons, we have 
~ =E~:':f3S[2f3M sin Ss + ~(cos f3s - sin ps)] 
N =. Pp/2 
rn 
"'" ~ cos Sa] 
1~ = (2e~f3s~) [2SM cos Ss ... Q,(cos Ss + sin Ss)] 
m 
Me = fVJ~m 
A = (2ef3s S2n)-1[2SM cos Ss ... q,(cos Ss + sin ~s)] 
2 ,1 
+ Pp (1 -"v) (2Et) (cos y) •. 
[97a] 
[97c] 
[97d] 
[97e] 
[97£] 
[97g] 
At the head-to-she11 juncture Where s = 0, the quantities ~ and 
8 become: 
0.= AJ = (2f32n)-1 (- 2SM +Q) [98a] 
9=0 
-1 
w] = (2SD) (- f3M + Q) (cos rJr) + 8 = 
9=0 
pp2 (1 - f) (2Et ) -1 (cos y) [9gb] 
• 
The' (fllantities M and ~ are evaluated from the conditions of continuity 
at the juncture # 
In ~he'present numerical example! we obtain from Equations [98] 
for the spherical head 
_ -1 , _ \. 1"" __ \. _ a_ _ ~__ ___ _\ 
~ = 1)c - ,+ 1.Ltb5:14-~ M - .l.U(.l')(c ~ 
8h = Dc-
l (- 0.535786 M + 0 .. 784363 q, + 19.140625) 
-115-
in which 
Q = rr/2 - 303.1105 
For the cylindrical shell, we obtain from Equations [27] in Chapter III 
that 
~c = DC- 1 (- 1.267855 M - 0.803733 H) 
BC = DC-
l (- 0.803733 M + 1.019017 H + 53.833008). 
The conditions of continuity at the juncture, i.e., ~ = ~c and Bh = 0c' 
lead to the solution of M, Q and H. Then. 
M = - 130.2314 in.1b./in. 
11 = + 286.3491 
Q = - 159- 9360 
Ib./in. 
1b./in. 
The normal forces, moments and shears at various points of the 
spherical head can be obtained by Equations [97]. 
DISTRIBUTION LIST - PROJEC~ NR 035-183 
Administrative i Reference and Liaison Activities 
Chief of Naval Research 
Department of the Navy 
Washington 25, D. C. 
Attn: Code 438 (2) 
Code 432 (1) 
Director, Naval Research Lab. 
Washington 25, D. C .. 
Attn: Tech o Info. Officer (9) 
Technical Library (1) 
Mecha.nics Division (2) 
Commanding Officer 
Office of Naval Research 
Commanding Officer 
Office of Naval Research 
Branch Office 
801 Donahue Street 
San ~rancisco 24, Calif. 
Commanding Officer 
Office of Naval Research 
Branch Office 
1030 Green Street' 
Pasadena, California 
Contract Administrator, SE Area 
Office of Naval Research 
Department of the Navy 
Washington 25, D~ Co 
1. 
Branch Office 
495 Summer Street 
Boston 10, Mass. (1) Attn: R. F~ Lynch (1) 
Commanding Officer 
Office of Naval Research 
Branch Offic e 
346 B:roadway 
New York City 139 New York 
Commanding Officer 
Office of Naval Research 
Branch Office 
844 N. Rush Street 
Chicago 11, Illinois 
Officer in Charge 
Office of Naval Research 
Branch Office, London 
Navy No~ 100 
FPO, New York City~ N~ Y. 
Library of Congress 
Washington 25, D. C. 
Attn: Navy Resea.rch Sect i on 
OVER 
Department of Defense 
Other Interested Government Activities 
GENERAL 
Research and Development Board 
Department of Defense 
Pentagon Building 
Washington 25, D. C. 
Attn: Library (Code 30-1075) (1) 
Armed Forces Special Weapons Project 
P.O. Box 2610 
Washington, D. Co 
Attn: Lt. Col. Go Fo Blunda (1) 
Joint Task Force 3 
12 St. and Const~ Aveo, N.W~(TempoU) 
Washington 25, D. C. 
Attn~ Major B. D. Jones (1) 
.ARMY 
Chief of Staff 
Department of the Army 
Research and Development Division 
Washington 25~ Do C~ 
Attn~ Chief of Res: and Dev. (1) 
Office of the Chief of Engineers 
Assistant Chief for Public Works 
Department of the Army 
Bldg. T~7p Gravelly Point 
Washington 25, D. Co 
Attng Structural Branch 
(R~ Lo Bloor) (1) 
Office of the Chief of Engineers 
Asst. Chief for Military Construction 
Department of the Army 
Bldg~ T-7, Gravelly Point 
Washington 25, DD CG 
Attn: Structures Branch 
(R. F. Carey) (1) 
~rotective Construction 
Branch (I~ OD Thorley) (1) 
Office of the Chief of Engineers 
Asst~ Chief for Military Operations 
Department of the Army 
Bldg. T-7, Gravelly Point 
Washington.25. D~ C& 
Attn: Structures Development 
~ranch (w. F~ Woollard) (1) 
Engineering Research and 
Development Laboratory 
Fort Eelvoir~ Virginia 
Attn: Structures Branch 
The Commanding General 
Sandia Base, p.Oo Box 5100 
Albuquerque, New Mexico 
Attn: Col. Canterbury 
Operations Research Officer 
D epartmen t of the krmy 
FtQ Lesley J o McNair 
WaShington 25~ D~ Co 
Attn~ Howard Brackney 
2. 
(1) 
(1) 
(1) 
Office of Chief of Ordnance 
Research and Development Service 
Department of the Army 
The Pent agon 
WaShington 25~ D. Co 
Attn~ OEnTE (2) 
Ballistic Research Laboratory 
Aberdeen Proving Ground 
Aberdeen j Maryland 
Attn~ Dr~ C~ We Lampson (1) 
Commanding Officer 
Watertown Arsenal 
Watertown, Massachusetts 
Attn~ Labor2tory Division 
Commanding Officer 
Frankford Arsenal 
Philadelphia, Pao 
Attn~ Laboratory DiviSion 
Commanding Officer 
Squier Signal Laboratoxy 
Fort Monmouth g New Jersey 
Attn~ Components and 
Materials Branch 
(1) 
(1) 
Other Interested Government Activitie~ 
}.!.i\-',ry 
Chief of Bureau of Ships 
Navy Department 
Wa.shington 25, D. C. 
Attn: Director of Research 
Code 440 
Code 430 
Code 421 
Director, 
David Taylor Model Basin 
Washington 7, D. C. . 
Attn: Structural Mechanics Div. (2) 
Director, 
Naval ~ngr. Experiment Station 
Annapolis~ Maryland (1) 
Director, 
Materials Laboratory 
New York Na.val Shipyard 
Brooklyn 1, New York (1) 
Chief of Bureau of Ordnance 
Navy Department 
Washington 25, D. C. 
Attn: Ad-3, Technical Library (1) 
Rec~, P~ Eo Girouard (1) 
Superintendent, 
Naval Gun Factory 
WashinF-,ton 25, Do C.. (1) 
Naval Ordnance Laboratory 
Whi t e Oak ~ Maryland 
RFD 1, Silver Spring, Maryland 
Attn: Mechanics Division 
Naval Ordnance Test Station 
Inyokerni California 
Attn: Scientific Officer 
Naval Ordnance Test Station 
Underwater Ordnance Division 
Pasadena~ California 
Attn: Structures Division 
Physics Division 
Chief of Bureau of Aeronautics 
Navy Department 
Washington 25, Do C. 
Attn: TD-41, Technical Library (1) 
DE':"22 9 Co W. Hurley (1) 
DE-23g Eo M. Ryan (1) 
Naval Air E:xperimental Sta.t ion 
Naval Air Material, Center 
Naval Base' 
Philadelphia 12, PaD 
Attn: Head v Aeronaut ical Materials 
Laboratory (1) 
Chief of Bureau of Yards and Docks 
Navy Depa.rtment 
Washington 259 D~ Co 
Attn~ Code P-3l4 (1) 
Code C-3l3 (1) 
Officer in Charge 
Naval Civil Engr. Research and 
Eval. Laboratory 
Naval Station 
Port Hueneme? California (1) 
Superintendent 
Post Graduate School 
U 0 S .. Naval Ac ademy 
Annapolis~ Maryland (1) 
AIR FORCES 
Commanding General 
Uo S. Air Forces 
The Pentagon 
Washington 25, D. Co 
Attn~ Resea.rch and Development 
Division (1) 
Commandi~~ General 
Air Materiel Command 
Wright~Pa.tt erson Air Force Base 
Dayt on~ Ohio 
Attng MCREX~B (Eo Eo Schwartz) (2) 
Office of Air Research 
Wright-Patterson Air Force Base 
Dayt6n~ Ohio 
At t n ~ Chi of ~ Appl i ed Mechani c s 
Group (1) 
OVER 
OTBER GOVEBNMffiNT AGENCIES 
U~ S~ Atomic Energy Commission 
Division of Rese2rch 
Washington~ D., C" 
Argonne National Le.bol'atory 
P{'Olt Box 5207 
Chicago gO~ Illinois 
Director~ 
Na.tional Bureau of Standa.rds 
. 'tfashingt on: D. C & 
Attn~ Dro Wi) H" Ramberg 
u~ S~ Coast Guard 
1300 E Street~ N~W~ 
Washington r D, Oe 
Attn~ Chief~ Testing ~nd 
Development Division 
lPorest Products Laboratory 
Madison f Wisconsin 
Attn: La tJ" Markwardt 
(1) 
(1) 
(1) 
(1) 
National Advisory Committee 
for Aeronautics 
1724 F Street, NoW~ 
Washington) D. C~ 
National AdviSOry Committee 
for Aeronautics 
La..'rlgley Field~ Virginia 
At 'cn ~ tofr. E. Lundqui s t 
National Advisor,y Committee 
for Aeronautics 
Cleveland Municipal Airport 
CleveJ~,.,dii Ohio 
Attn~ Jo Eo Collins, Jr~ 
u~ S, Maritime Commission 
Technic8l Bureau 
Washington~ Do Co 
Attn~ Mr~ V~ Russo 
4,. 
(1) 
(1) 
(1) 
(1) 
Contractors and other Investigators Actively Enge.ged in Related Research 
Professor Jesse Ormend.royd Professor M .. A, Sadowsky 
Universi t~r of Michigan Illinois Insti tute of Technology 
Ann Arbor~ Michigan (1) Technology Center 
Drt' N" J~ Hoff~ Head 
Department of Aeronautical 
Engineering and Applied Mechanics 
Polyteerillic Institute of Brooklyn 
99 Livingston Street 
Brooklyn 2~ New York (1) 
Dr~ J~ N~ Goodier 
S~hool of Engineering 
Stanford Universi t~r 
Stanfordl! California (1) 
Professor F~ Ko Teichmann 
Depa.rtment of Aerunautical Engr. 
New York University 
University Heights , Bronx 
New York City.~ New York (1) 
Professor C) T, i:lang 
Dep2.rtment of Aeronautical Engr) 
New York University 
University Heights, Bronx 
NeVI York City, Ne1r! Yo""'" (1) 
Professor E~ Sternberg 
Illinois Institute of Technology 
Technology Center 
Chicago 16~ Illinois (1) 
Chicago 16& Il1incis 
j)r~ W" Osgood 
Armour Rese8rch Institute 
Technology Center 
Chicago, Illinois 
Professor R~ 10 Bisplinghoff 
Mass8.chusett s InstQ of Technology 
(1) 
(1) 
Cambridge 393 Massachusetts (1) 
Professor B~ Fried 
Washington State College 
Pullman~ Wa.shington 
Professor E,. Reissner 
(1) 
Depa.rtment of Ma.themat ies 
Massa.chusetts Institute of TeChnology 
Cambridge 39:1 Mass8.chusett s (1) 
Dr" A .. Phillips 
School of Engineering 
Stanford University 
Stanford~ California 
Professo~ L~ S, Jacobsen 
Stanford UniverSity 
Stanford. California (1) 
Contractors and other Investigators Actively Engaged in Related Research 
Dr. W. Prager 
Graduate Division of 
Applied Mathematics 
Brown University 
Providence, Rhode Island (1) 
Dr. W.. H.. Hoppmann 
Department of Applied Mechanics 
Johns Hopkins University 
Baltimore, Maryland (1) 
Professor W. K. Krefe1d 
College of Engineering 
Columbia University 
New York City, New York 
Professor R. M~ Hermes 
University of Santa Clara 
Santa Clara, California 
Dr. R. P. Petersen 
(1) 
(1) 
Director, Applied Physics Division 
Sandia Laboratory 
Albuquerque, New Mexico (1) 
Dr~ R. J" Hansen 
Massachusetts Inst~ of Technology 
Cambridge 39~ Massachusetts (1) 
Dr .. Franci s H.. Clauser 
Chai rman 9 Depto of Aeronautics 
The Johns Hopkins University 
School of Engineering 
Baltimore 18, Maryland (1) 
Dr. Go E. Uhlenbeck 
Engineering Research Institute 
Uni versi ty of Michigan 
Ann Axbor i Michigan 
Dr" Walker Bleakney 
Department of 'Physics 
Princeton University 
Princeton~ New Jersey 
I .. \ \.L ) 
(1) 
Library, Engineering Foundation 
29 West 39th Street 
New York City~ New York (1) 
Professor A. C~ Eringen 
Illinois Institute of Technology 
Technology Center 
Chicago 16, Illinois (1) 
Professor Bp J~ Lazan, Head 
Department of Materials Engr3 
UniverSity of Syracuse 
~Engineering and Science Campus 
E. Syracuse 4, New York (1) 
Professor Paul Lieber 
Dept. of Aeronautical Engineering 
and Applied Mechanics 
Polytechnic Institute of Brooklyn 
85 Livingston Street 
Brooklyn 29 New York (1) 
Professor Vito Salerno 
Department of Aeronautical Engr. 
and Applied Mechanics 
Polytechnic Institute of BrookJ~n 
85 Livingston Street 
Brooklyn 2~ New York (1) 
Profe~sor George Lee 
U .. So Naval Post Graduate School 
Annapolis ~ Maryland (1) 
Professor Lloyd Donnell 
Department of Mechanics 
Illinois Institute of Technology 
Technology Center 
Chicago 16~ Illinois (1) 
Professor Llfnn Beedle 
Fritz Engineering Laboratory 
Lehigh UniverSity 
Bethlehem~ Pennsylvania (1) 
Dr, Bruce Johnston 
301 West Engineering Building 
University of Michigan 
Ann Arbor g Michigan (1) 
OVER 
Professor N. M. Ne~vma.rk 
Depa.rtment of Civil Engineering 
University of Illinois 
Urbana, Illinois (2) 
Dean La Nm Ridenour 
Graduate College 
University of Illinois 
Urbana, Illinois (1) 
Dean W. L. Everitt 
College of Engineering 
University of Illinois 
Urbana, Illinois (1) 
Professor w. C~ Huntington, Head 
Department of Civil Engineering 
University of Illinois 
Urbana.~ Illinois (1) 
Professor T. J. Dolan 
Department of Theoretical and 
ApplieQ Mechanics 
University of Illinois 
Urb~~a, Illinois (2) 
TASK VI PROJECT - C. E. RESE.ARCH STAFF 
W., H., Munse 
G. K. SinnaTIlon 
R. J. Mosborg 
Eo C~ Roberts 
W~ J" Austin 
Lo Eo Goodman 
Co Po Siess 
Resea.rch Assistants (10) 
Files (5) 
Reserve (20) 
6. 
